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Abstract 

Let E he a, holomorphic vector bundle. Let ^ be a Higgs field, that is a holomorphic section of End{E) ® 
Q]f satisfying 9^ — 0. Let h he a. pluriharmonic metric of the Higgs bundle {E,9). The tuple {E,9,h) is 
called a harmonic bundle. 

Let X be a complex manifold, and D be a normal crossing divisor of X. In this paper, we study the 
harmonic bundle [E, 9, h) over X — D. We regard D as the singularity of [E, 9, h), and we are particularly 
interested in the asymptotic behaviour of the harmonic bundle around D. We will see that it is similar to 
the asymptotic behaviour of complex variation of polarized Hodge structures, when the harmonic bundle 
is tame and nilpotent with the trivial parabolic structure. For example, we prove constantness of general 
monodromy weight filtrations, compatibility of the filtrations, norm estimates, and the purity theorem. 

For that purpose, we will obtain a limiting mixed twistor structure from a tame nilpotent harmonic 
bundle with trivial parabolic structure, on a punctured disc. It is a partial solution of a conjecture of 
Simpson. 
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1 Introduction 

1.1 Harmonic bundles 

Let X be a complex manifold. Let (EjOe) he a holomorphic bundle. Let 9 he a Higgs field of E, namely, 
it is a holomorphic section of End{E) g) n^'° satisfying 9 A9 = 0. Let h he a hermitian metric of E. Let ds 
denote the (l,0)-part of the metric connection of {E,dE,h). We also have the adjoint 9'^ of 9 with respect 
to the metric h. Then we obtain the following connection: 

■-dE + dE + 9 + 9'' : C'^{X,E) — > C°°(X, E ® fi^). (1) 

More generally, we obtain the following A-connection for any A G C: 

■-dE+9 + \- (dE + 9'^) ■■ C°°{X,E) — > C'^(X,E(g)n]{). 

Definition 1.1 The metric h is called pluriharmonic, if the connection is flat, that is, oD""^ — 0. The 
tuple {E,dE,9,h) is called a harmonic bundle. I 
Note that the condition is equivalent to "D"^ o D"^ = for all of A" . We have 1$'^ — Oe + 9, and the condition 
D° o D" = is equivalent to the condition that is a Higgs field. 

Remark 1.1 Probably, such object should be called a 'pluriharmonic bundle'. However we use 'harmonic 
bundle ' for simplicity. I 

Let _D be a normal crossing divisor of a complex manifold X. In this paper, our main interest is a 
harmonic bundle over X — D, and we investigate the asymptot ic b ehaviour of the harmonic bundle around 
D. We will impose the following conditions (see the subsection |4.2| for more detail): 

Condition 1.1 Let P be any point of X , and {U, ip) be an admissible coordinate around P (Definition 4.1 ). 
On lA, we have the description: 

azi 
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(Tameness) Let t be a formal variable. We have the polynomials Aet(t — fj) and det(t — gj) oft, whose 
coefficients are holomorphic functions defined over U — U' =i Di- . When the functions are extended to 
the holomorphic functions over U, the harmonic bundle is called tame at P. 

(Nilpotentness) Assume that the harmonic bundle is tame at P. When Aet(t — fj)\unDi. = t^ , then the 
harmonic bundle is called nilpotent at P. 

When {E, Oe, h, 6) is a tame nilpotent at any point P £ X , then it is called a tame nilpotent harmonic 
bundle. 

(Trivial parabolic structure) We say that the parabolic structure of {E,dE ,0,h) is trivial, if the parabolic 
structure of the prolongment of the res triction {E,dE,0,h)\c is trivial for any holomorphic curve C 



transversal with D. (See Condition 4.1 and Definition 4.E ). 

In the words of the flat bundle D^), the combination of the nilpotentness condition and the triviality 
of the parabolic structures are described as follows: 

Condition 1.2 

1. The monodromies around the components of D are unipotent. 

2. Let s be a multiple-flat section. Let {U, ip) he an admissible coordinate around P. Then we have 
Ci ■ ni=i ^ \s\h < C2 ■ n'^i l^A^"^ ■ (Precisely, we need only the estimate on curves.) I 

Recall that the harmonic bundle can be regarded as a generalization of the complex variation of polarized 
Hodge structures (CVHS). On the CVHS, the highly developed theories for the asymptotic behaviour are 
well known due to Cattani-Kaplan-Schmid and Kashiwara-Kawai. Briefly and imprecisely speaking, their 
results say that we have some nice relations between the monodromies, and that the monodromy weight 
nitrations describe the asymptotic behaviour. Although their results indicate the direction of our study, it 
seems difBcult to directly apply their method in our case. 

When the base manifold X is one dimensional, such behaviour was deeply studied by Simpson. Moreover, 
he proposed the 'mixed twistor structure', which is quite important for the study in the case X is higher 
dimensional. In fact, most of the essential ideas contained in this paper are due to Simpson (see 1321] , |33[ , 
]3^ and |^^): We will heavily owe to many results and methods that he developed in and [p3[. We 
will often use them without mention his name. The papers are fundamental for our study of harmonic 
bundles. The mixed twistor structure was introduced in js^. The mixed twistor structure permits us to 
obtain some compatibilities on the relations between the monodromy weight filtrations at the intersection 
points of divisors. (Such compatibilities are well known for the complex variation of the polarized Hodge 
structure.) It seems difficult for the author to obtain such results, if we use only some rather classical elliptic 
analytic argument without mixed twistor structure. 

1.2 Main results 

Recall that the harmonic bundle can be regarded as a generalization of the complex variation of Hodge 
structure. Briefly speaking, our final but unreached purpose in this study is to see the following; 

The asymptotic behaviour of a tame harmonic bundle around the singularity is similar to the 
behaviour of CVHS around the singularity, in some sense. 

As is already noted, we will mainly investigate the tame harmonic bundles under the assumptions of 
nilpotentness and the triviality of parabolic structures. We explain what results are obtained in the case 
dimX = 2. 

1.2.1 Flat connection 

Since we are interested in the asymptotic behaviour around the singularity of harmonic bundles, we can 
assume that X = = {(21,2:2) | \zi\ < 1} and D = Di UD2. Here we put A := {zi = 0}. Let {E,dE,0,h) 
be a tame nilpotent harmonic bundle with trivial parabolic structure over X — D. Let P be a point of X — _D. 
We have the loop 7^ : [0, 1] — > X ~ D defined as follows: 



z^{P) ■ exp(27rV^t) {j = i) 



We put V — E\p. We have the monodromy M(7i) G End(E\p) with respect to the flat connection 
given in (|l|). Due to our assumption, it is unipotent. Thus we have the logarithm Ni — logM(7i). We put 
^i^^) ~ X]i=i o.i ' for o. — (ai, 02) G R.>o- Let W{a) denote the weight filtration of N{a). We have the 
constantness of the filtration on the positive cone. Namely, the following holds. 
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Theorem 1.1 We have W{ai) — W{a2) for any ai £ R>o. I 

We put N{X} = Ni and iV(2) = iVi + iV2. We denote the weight fihration of N{f) by Wif). Let 
Qr^^^ denote the associated graded space of Then we have the induced filtration M^'-'^'(2) on Qr^^K 

On the other hand, we have the induced action A''''^-'(2) on Qr^^K Let W{N^^\2)) denote the weight 
filtration of Af'-^'(2). Namely, we have two filtrations W^'^\2) and W(A'''-^^)(2) on the graded vector space 

Theorem 1.2 We have M/<''(2)a+h n Gri^^ = W{N^''\2))h n Gri'-K I 

We put M :— {(^ = X + \/~-ly G C\y > 0}. Then we have the universal covering tt ; — > X — D 
defined by tv{(i,(2) ~ (exp(27ry— i("i), exp(27r\/--i("2)) . We put as follows: 

Z{id,2,C,A) ■- {(xi +V^yi,x2 + V^y2) G | l^i] < A, \x2\ < A, C-yi>y2,}. 

Let P be a point of Z(id,2,C, A). We have the pull back 7r*(iJ, D^, /i). The fibers 7r*(_B)|p and E^p are 
naturally identified. 

Let w be a non-zero element of -E|p. Then we have the numbers hj = deg^'^'(it) for j = 1, 2. Let / be 
a flat section of (7r*i?, D^) such that f^p 



u. 



Theorem 1.3 There exist positive numbers Ci andC2 such that the following inequality holds on Z{id, 2, C , A): 

o<Cl<|/|^^/^•y2^^-''l <C2. 

I 

From the tuple (V^ A''i, we obtain the following complex: 

n(iVi, A^a) : V Im(iVi) Im(iV2) Im(iViiV2). 

It is easy to see H°{a{Ni,N2)) = Ker(Ari) n Ker(iV2) and H^{a{Ni,N2)) = 0. The filtration W{2) on V 
induces the filtration W of the complex as follows: 

Wk{V) = Wi2)k, W^,{lm{N,)) = N,{Wi2)k), Wk{lra{N,N2)) = NiN2{W{2)k). 

It induces the filtration W on the cohomology group H* {Il{Ni, N2)). 

Theorem 1.4 (Purity theorem) Assume that (E, Oe, 0, h) has a real structure. We have WkH'"{Yi{Ni, N2)) 
H''{I1(Ni,N2)). In other words, the naturally defined morphismsKer{d)nWk(n{Ni, N2)'') — > //*(n(iVi, 7V2)) 
are surjective. I 

Remark 1.2 Due to Cattani-K apian- Schmid and Kashiwara-Kawai, the intersection cohomology and the 
-cohomology of CVHS are isomorphic. The purity theorem was crucially used for the proof of such coinci- 
dence. Although we do not discuss the relation between the intersection cohomology and the -cohomology 
of harmonic bundles in this paper, it seems appropriate to include the purity theorem here. The author 
intends to study the relations between -cohomology and the intersection cohomology in another paper. I 

1.2.2 Holomorphic bundles 

In the previous subsubsection, we state the results in terms of the fiat bundles and the monodromies. It 
is reworded in terms of the holomorphic fiat bundles and the residues. The (0, l)-part d -\- X ■ 9^ of the 
connection gives a holomorphic structure d"^ to the C°°-vector bundle E. We denote the holomo rphi c 



bundle {E,d"^) by £^ . Let denote the prolongment of £^ by an increasing order. (See subsection 4.1) 
We can show that is locally free and same as the canonical extension, i.e., is of log type on ^£^. 

We have the residues Ni := Resj3,(D^) G r(A, -End(*£:^|o.)) for i = 1,2. We put Di = Di and 
D2 = Di C] D2. For a G R>o, we put N{a) :— X^^^j Oi ■ jj^. Let W{a) denote the weight filtration of 
Nia). 



Theorem 1.5 (Theorem |7.l[) We have W{ai) = W{a2) for any at G R>o. I 
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On _D]_, we put A^d) — Ni. Let W{1) denote the weight filtration of A'^(l), which is a filtration of ^S^Di 
by vector subbundles. We obtain the graded vector bundle C/r'^' on Di. 

On D2, we put A'^(2) — X]i=i ^i\Di- Let VK(2) denotes the weight filtration of A'' (2), which is a filtration 
of ^f^i,,. 

Let consider C/r[^'^. The filtration W{2) of ""^V^ induces the induced filtration W'^^\2) of Qr\^D^. On 
the other hand, Af(2) induces the endomorphism A'^'-^'(2) of Qf^yo^- Then we obtain the weight filtration 
W^(Ar(i)(2)). 



Theorem 1.6 (Theorem We have M^'^^ (2)^+^ n Sri^' = W^(Af(^) (2))^ n C/ri^' for any integers a and 

h. I 

We will see more strong compatibility in Theorem Clearly, we can replace the role of A'^i and N2 

(Theorem U). 

Let take a holomorphic frame v = {vi, . . . ,Vr) of over X, compatible with the sequence of the 
filtrations {W{V}, W(2)). Namely it satisfies the following: 

• is compatible with the filtration W{j) over Dj. In particular, we obtain the induced frame w'^' 
over _D]_. 

• is compatible with W'^'(2). 

• We have deg^(2)(„^) = deg^'''® (^(D). 

We put 2 • ki{v{) ■- deg^(i'(uO and 2 • k2{vi) ■- deg^®(wO - deg^(i'(*^0- We obtain the C°°-frame 
v' = (wi, . . . v'^) of £^ over X — D defined as follows: 

vi :=«. • (-loglzir^-i("') ■ (-log|^2|)-'^^"'^ 
For a positive number C, we put as follows: 

Z{id, 2, C) ~{{zi,Z2)eX-D\ \zif < \Z2\}. 



Theorem 1.7 (Theorem 9.1) On Z{id, 2, C), the C°° -frame v' is adapted. Namely the hermitian matrix- 
valued functions H{h,v') and the inverse H{h,v')~^ are bounded over Z{id,2,C). I 

Clearly we can replace the roles of 1 and 2 (Theorem 9.2). 
We put V = and ^^^ := N,\d^. 



Theorem 1.8 (Theorem 9.6) Assume that {E,dE,d,h) has a real structure. The purity theorem for 
(V,M,AA2) holds. I 

Let u be a holomorphic frame of ^£^, which is compatible with H^(2) on Dg. We put 2 • k{vi) := 
deg^^-\vi). Let consider the morphism i/'m,2 : X — D — > X — D defined by ipm,2{zi, Z2) = (z5"i ^D- We 
have the pull back il>^^2{£^ , h)- We have the frame u^™' oi Tp^^2£^ defined as follows: 

Let F = Oa* • Ui denote the trivial holomorphic bundle with the frame u = (ui). We denote the holo- 

morphic structure of F hy dp. Due to the frames w'™' and u, we obtain the isomorphism : 'ipm,2£^ — > F. 
Then we obtain the sequences of the metrics {/i'™^}, the connections {D^ '™''}, the (non-holomorphic) Higgs 
fields {S'™'} and the conjugates {S*-™'^}. We also obtain the sequences of the holomorphic structures 



Theorem 1.9 (Theorem |9.5[) 

• We can pick a subsequence {nii} of {m} such that the corresponding sequences {/i'™'^}, {D""^ '•'"'•'}, 

{9^''} converge in the Lf -sense for any I and for any sufficiently large p. The 
limits are denoted by B^°°'> , e^^\ 6'' andd''^\ 

• The tuple {F,d^F°\0^°°\h^°°'>) is a CVHS. I 
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1.3 Mixed twistor structure 

In the previous subsection, we stated the results for the holomorphic flat bundle (f^,D^). In fact, we will 
consider the A-connections (f^,©"^), and the conjugates (£^'',0^'') for all A and /i. We will show similar 
results, at once. It is the merit to consider all of A and fj, that we obtain a limiting mixed twistor structure. 



which is a partial solution of a conjecture by Simpson in |34j. (See Definition 2.30 for the definition of mixed 
twistor.) 

Let [E, dsyd, h) be a tame nilpotent harmonic bundle with trivial parabolic structure over A* ^. Let P be 
a point of A* ^, and O be the origin of A'^. We obtain the vector bundle S(0, P ) over P^, and the morphisms 
Nf" : S{0, P) — > S{0, P) (g) Opi (2) for i = 1, 2. (See the subsubsection ^.2.2| for the construction.) We put 



^^(2) — ELi • We denote the weight fihration of N^{2) by W{2). 
Theorem 1.10 (A limiting mixed twistor theorem, Theorem |r.2| ) 

• For any neighborhood U of O in A^ , we can take an appropriate point P £ U r\ A*'^ such that the 
filtered vector bundle {S{0,P),W{i)) ts a mixed twistor. 

• The morphisms is a morphism of mixed twistors. I 
The mix ed t wistor structure is essentially used in the proof of the compatibility of the filtrations, that 



is, Theorem 



1.6. Briefiy speaking, the proof of Theorem l.£ is divided into three steps. 
Step 1. Let 6 denote the bottom number of the filtration W{V)b- We see that we only have to prove the 
coincidence in the bottom part, i.e., W'^^\Z)h+h n Qrf^ = W(A/'(^' (2))^ n gr\^\ 

Step 2. We see the implication W'^' (2)^+6 n gr\^'> D W{N'^^\2))h n ^r''^ 
Step 3. We see the coincidence W^'^'^ {2)h+b n Gr^^'' = W(iV(^'(2))h n gr^'\ 

The step 1 is rather elementary. We will only use the linear algebra. In the step 2, we use a comparison 
method and norm estimate in one dimensional case. However we need only rather classical analysis. We use 
the mixed twistor in the step 3. We need the following: 

• The filtration W^(2) of S{0, P) is a mixed twistor structure. This is a consequence of a limiting mixed 
twistor theorem. 

• We have the vector bundle: 

g^w(Ni^Hz)) gri^'nvy(jv'^)(2))„ 

' gri'^nWiNW{2))H-i' 

The equalities cUgr^r = {h + b) ■ ri,nk{grZr ^-^^) hold for any h. Here ci (J^) denotes the 

first Chern class of a coherent sheaf on . 

From these two facts and the implication W^^\2)h+t n C/r*^' C W{N^^\2))h n grl^\ we obtain the coinci- 
dence, due to some general lemma for mixed twistors. 

However, the consideration of all (f '^,D'^) and (f ^'',D^'^) raises some difficulties. It is a principle that 
the arguments over = are not different from the arguments for A = 1. On the other hand, we need 
some additional argument around A = 0. 

One big difference is the existence of normalizing frames. Let i; be a holomorphic frame of £ over X~D. 
We obtain the A-connection form A — '}2 ' dzj / Zj G V{X — D, M(r) (8) determined by the relation 

Dv = V ■ A. If Aj are constant, the frame v is called a normalizing frame. When A 7^ 0, we can always take 
a normalizing frame. On the contrary, we do not have a normalizing frame in general, in the case A = 0. 

We will see that °f ^ is locally free. Simpson has already shown that ^£'^ is locally free, if the base manifold 
is one dimensional. By using the fact, it is easy to see that the normalizing frame of the prolongment f 
gives, in fact, the frame of ^£^. However, we have to prove some extension property of holomorphic sections 
on hyperplanes, if A = 0, 

One more point which we should care the conjugacy classes of the residues Ni. When the base manifold 
is one dimensional, Simpson showed that the conjugacy classes of A'^|(a,o) E^re independent of A. Thus it is 
easy to see that the conjugacy classes of A^i | (a,q) are independent of A, when Q is contained in Di—D2- On 
the other hand, it is easy to see the conjugacy classes of A'^i | (a,q) are independent of Q due to the existence 
of a normalizing frame, when we fix A 7^ 0. As a result, we can immediately obtain that the conjugacy 
classes of Ni | (a,q) are independent of (A, Q) £ C\ x Di — {0} x D2. However we need some argument to see 
that the degeneration of the conjugacy classes does not occur at {0} x Dg. Interestingly, we can show that 
the conjugacy classes of A'^i | (a,q) are independent of A for any Q £ Di, by using a limiting mixed twistor 
theorem. 
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1.4 Outline of the paper 
1.4.1 Section g 

In the subsections ^.l|-^.4 we make a preparation on the commuting tuples of nilpotent maps and the weight 
filtrations, on vector spaces or vector bun dles. The m ost part is well known and standard. W hat we would 
like to see is summarized in Corollary 2.2, Proposition 



2.1 



and Corollary 2.c . In the subsection 2.5 



we recall 

mixed twistor structure and give lemmas which will be used later. The author feels that the mixed twistor 
is useful when we would like to obtain a lower bound of the degree with respect to a filtration. 



1.4.2 Section || 



In the subsection 3.1, we recall the definition of harmonic bundles. Following Simpson ([g4| and |^5|), we 
consider the deformed holomorphic bundle and the conjugate. In the subsection |3.2| , we recall some easy 
examples of harmonic bundles over the punctured disc A* . In particular, the model bundles Mod{l, a, C) will 
be used later as a convenient tool. Thes e ex am ples c an b e cl osely investigated by direct calculations. Some 
results, for example, the corollaries 3.1, 3.2, 3.3, 3.4 and 3.5 will be used. In the subsection 3. J, we discuss 



the 'convergency' of a sequence of the harmonic bundles. We will see that we can pick a nice 'convergent' 
subsequence, as is naturally expected from the ellipticity of harmonic bundles. 



1.4.3 Section 



In the subsection 4.1 
of tameness and nilpotentness_ 
the metric 



we prepare some words used in this paper. In the subsection 4.2 



we recall definitions 

We will recall an estimate of the norms of Higgs fields with respect to 
In the subsection 4.3, we will recall some results of Simpson in one dimensional case. In the 



subsection 4.4, we will recall the definition of triviality of parabolic structures. We will also see that the 
tame nilpotent rank one harmonic bundle with trivial parabolic structure is smooth. 

After the subsection i.4, the harmonic bundles will be always assumed to be tame, nilpotent and has 
trivial parabolic structure. 

In the remaining of the section 4, we will see that the prolongment of the deformed holomorphic 
bundle by an increasing order are locally free. We will use some ideas of Cornalba-G riffiths ([M). In the 



subsection 4.5, we recall something from their paper. In the subsubsections 4.6.1-4.6.2, a normalizing frame 
gives a frame over A'", and we show that is locally free if *f " is locally free. In partic ular, i t implies that 
^£ is locally free when the base manifold is one dimensional. In the subsubsection 14.6.3, 



the 



we state the 



family versions of the results in the subsection |4.3| . In the subsection 4.7, we will show the extendability of 
the sections on hyperplane in the case A — 0. It immediately implies that is locally free, and thus that 
the "£ is locally free. In the subsection |4.8| , we see the functoriality of the prolongment. 

1.4.4 Section | 

In the subsections ^.l[ -5.2, we recall the construction of the vector bundle S{Q,P) of Simpson. In the 



subsection 5. J , a lim iting mixed twistor theorem is given and proved, in the one dimensional case. In the 
subsubsection 5.4.1, a refinement for higher dimensional case is given. Once we obtain a mixed twistor 
structure, briefiy speaking, we know that 'a degeneratio n at A = doe s not occur'. Some ea sy an d useful 

we give 



5.4.2 and 



5.4.3. In the subsubsection 5.4.4 



consequences of such type are given in the subsubsections 
a weak constantness of the filtrations as an easy consequence of a limiting mixed twistor structure, although 
it can be shown without mixed twistor structure. 



1.4.5 Section || 

In the subsection |6.l| , we explain our method of comparison to obtain some estimate for metrics. The 
method will be used in the beginning of all of the latter sections. Briefly speaking, the method reduces 
the estimate over the region to the estimate over the boundary. Since the dimension of the boundary is 
lower, we can use an estimate for lower dimensional case. (In the subsection 3.1, we only need a rough 
estimate on the boundary.) In the subsection we consider the morphisms Vm,i : A" — > A" defined 
by (0i,...,z„) I — !• {zY^,Z2, ■ . ■ ,Zn). For a harmonic bundle {E,dE,d,h) over A*' x A"~', we obtain the 



sequence {V'm,i [E, Oe, 9, h)} of harmonic bundl es. W e can apply the result of the subsection 3. J , due to the 
rough norm estimate obtained in the subsection 6.2. In the subsection 3. J, we see some orthogonality in the 
limit. In particular, we see that the limiting harmonic bundle is a CVHS in one dimensional case. In the 
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subsection 3.4, we investigate the first Chern class of the vector bundle Grf^^ 
the subsubsection |5.4.3| . 



hi 



Hi)) 



obtained in 



1.4.6 Section @ 

In the section |^ we will prove the constantness of the filtrations on the positive cones for the tuple of 
residues of ha rmonic bundles. As a preliminary, we give a norm estimate in some special case in the 
subsection Then we consider the morphisms '!/'m,n. : A" — > A" defined by (zi, . . . , z„) i — <■ (z™, . . . , z™) 
in the subsection By investigating the limiting harmonic bundle, we obtain the constantness of the 
filtrations on the positive cones in some special case. Although the theorem is stated in the subsection 7.3, 
the main part of the proof is done in the subsection [7.2| . 



1.4.7 Section 



In the section ^, we see the strongly sequential compatibility of the residues. In the subsubsection 3.1.1 



see some compatibility in the bottom part in the two dimensional case. By using a method of comparison, 
we obtain som e imp lication of t he fil trations. Then we obtain the coincidence by using the result in the 



subsubsections 



5.4.S and Lemma 



2.19 



for mixed twistor structures. Once we know such compatibility in two 
dimensional case, a sim ilar compatibility in the higher dimensional case is easy to obtain, which is shown in 
the subsubsection |8.1.2| . Then we obtain the theorems in the subsection ^.2| . 



1.4.8 Section |9| 

In the subsection |9.l| , we obtain a norm estimate. As a preliminary, we consider the pull back of harmonic 
bundle {E,dE,d,h) via th e 'blowup' (j)N '■ X — > X, and we ob tain the norm estimate for <f)^{E,dE,d,h) 
in the subsubsection |9.1.l| . The method is same as that in 6.1. Since we have already shown the strongly 
sequential compatibility of the residues in the subsection we can obtain a stronger esti mate. By translat- 
ing such a result, we obtain the theorem in the subsubsection [9.1.3 
the pull backs of the harmonic bundles via the morphism tpm,n, as in the subsection 



In the subsubsection 9.2.1 



we consider 



7.2. Then we obtain a 



limiting harmonic bundle. We see that i t is, i n fact, a CVHS. As an application of limiting CVHS, we see 
the purity theorem in the subsubsection 9.2.3. 



1.5 Some remarks 

Unfortunately, this paper looks rather long. However, the reader will know that much of the part is ele- 
mentary and not new for both of the reader and the author. Many of the definitions, the lemmas and the 
propositions are more or less standard, familiar and obvious. They are included to clarify what the author 
would like to say. 

This paper is the revision of [^^. The main difference is as follows: 

• In 1^^, the dimensions of the base manifolds are assumed to be less than two. In this paper, we 
discuss higher dimensional case. The much part of the preliminary for the filtrations are added for 
that purpose. 

• The explanation for the norm estimate in one dimensional case is added. In j33|, such estimates are 
stated for the cases A = and A = 1. Clearly his argument works for the other A. We only indicate 
how to change. 

• The explanation for the prolongation of the deformed holomorphic bundle is added. 

• The mixed twistor structure is used more efficiently. As a result, some arguments for the filtrations on 
the divisors are simplified. 

• The author hopes that the discussion and the explanation in this paper are more clear than the previous 
version |27| . 

The author's original motivation of the study is to generalize the Kobayashi-Hitchin correspondence 
(see for example, [^, Q, Q and Q). Namely he would like to clarify the relation of stable Higgs 
bundles and harmonic bundles. For that purpose it is clearly important to characterize the residues of the 
Higgs fields. Unfortunately, the understanding seems insufficient to solve such problem in this stage, for 
the author. Probably, one direction of the study is a more precise comparison of a limiting CVHS and the 
original harmonic bundle. 
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1.7 Some sets 

We will use the following notation: 



Z: 


the set of the integers. 




the set of the positive integers. 


Q: 


the set of the rational numbers. 


Q>o: 


the set of the positive rational numbers. 


R: 


the set of the real numbers. 


R>o: 


the set of the positive real numbers, 


C: 


the set of the complex numbers. 


li- 


the set {1, 2, . . . , n}. 




the l-th symmetric group. 







We put as follows: 

A{C)~{zeC\\z\<C}, A*(C) := G C|0 < |z| < C}, C* ={zG Cjz/0}. 

When C = 1, we often omit to denote C, i.e., A — A(l) and A* = A*(l). If we emphasize the variable, we 
describe as Az, A^. For example, Az x A„ = G A x A}, and Ai x A2 = {(2:1,2:2) G A x A}. We 

often use the notation Cx and C^. 

Unfortunately, the notation A is also used to denote the Laplacian. The author hopes that there will be 
no confusion. 

The set of r x r-matrices with C-coefEcient is denoted by M(r), and the set of r x r-hermitian matrices 
by H{r). 

In general, qi : X" — > X denotes the projection onto the z-th component, and ni : X" — > X" ^ denotes 
the projection omitting the i-th component. However we will often use vr to denote some other projections. 
Let I be a positive integer. We have the decomposition of R>o into Ylici ^>0) defined as follows: 

R>0 := {{ai, ... ,ai) G R>o 1 cii > i G /}. 

Let I be a positive integer, C be a positive real number, and a be an element of 61. Then we put as 
follows: 

Z{a,l,C) := {(2i,...,2„) G A*' X A"-'||2,(,_i)|^ < |2,(,)| 1 = 2,...,/}. 

2 Preliminary for filtrations 

2.1 Vector space and filtrations 
2.1.1 Base and metric 

Let V be an n- dimensional vector space over C. To describe a base of V , or more generally, to describe a 
tuple of elements of V, we use a notation v — {vi, . . . , v„). Let v and w be two bases of V. We obtain the 
matrix A = (Aij) determined by the following formula: 

Vj = ^ Ai j ■ Wi. 

i 

In that case, it is described as v = w ■ A. 

Let ^ be a hermitian metric of V. Then we have the hermitian matrix H{h,v) = {Hij) determined as 
follows: 

Hij := h{vi, Vj). 

The H{h, v) G Ti.{n) is called the hermitian matrix of the metric h with respect to v. 
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2.1.2 Compatibility with direct sum 

Let be a finite dimensional vector space witli a direct sum decomposition V = 0^ Vi. 

Let w be a non-zero element of V. It is called compatible with the decomposition if there exists an i such 
that V SVi. The number i is called the degree of v. 

Let V = {vi, . . . ,Vn) be a base of V. It is compatible with the decomposition if each Vi is compatible 
with the decomposition. 

Let W be an increasing filtration of V. It is called compatible with the decomposition if Wj = QiiWjflVi) 
for any j. We denote the induced filtration of Vi hy W DVi. 

Let / be an endomorphism of V. It is called compatible with the decomposition if f{Vi) C Vi. 

For a tuple (ui , . . . , W( ) of elements of V, {ui , . . . ,ui) denotes the vector subspace generated by (ui ,...,«(). 

2.1.3 Filtration 

In this paper, we mainly use increasing filtrations. Thus 'filtration' means an 'increasing filtration' if we do 
not notice. 

Let y be a vector space with a filtration W, the associated graded vector space is denoted by Gr^ = 

©.Grf, where Grf - W,/W,-i. 

For a filtration W, we have the number b(W) determined as follows: 

b{W) ■- mm{ h\Gr^ ^0}. 

The number b{W) is called the bottom number of W. 

For a non-zero element v € V, the number deg^(t;) is defined as follows: 

deg^(w) := min{ft| v G Wh}- 

The number deg^(ti) is called the degree of v with respect to the filtration W. We have the induced element 
ofGr,V(.)(^)- 

Let V = {vi, . . . , v„) be a base of V. We say that v is compatible with the filtration W, if the following 
is satisfied: 

For any i, we have a subset / C {1, . . . , n} such that {vj \j € 1} gives a base of Wj. 

In that case, the induced elements v^^^ = {v[^\ . . . , v^^} gives a base oiGr^{V) compatible with the natural 
decomposition. 

An endomorphism f oi V is called compatible with the filtration W if /(Wj) C Wi. 

2.1.4 The induced filtrations 

Let M^(l) and W(2) be a filtrations on V. We have the graded associated space of VF(1): 

Gr«:=0Gr«, Gr^^^ := Gr^^'-l 

a 

We have the induced filtration W^^\2) by W{2) on Gr^^\ which is defined as follows: 

W^'\2)^ := W^'\2), n Gri'\ W^'\2), n Gri^' := ^^^j^^li! T^"^" ^ 

Let {W{1), Wi2), Win)) be a filtrations on V. We have the induced filtrations {W'-^'> (2), . . . , W'-^^n)) 
on Gr^^' . Inductively, we obtain the filtrations W'^"'\j) on Gr^'"' for 1 < m < i < n as follows: 

1. On Gr^"") , we have the filtrations W'^'^^ {£) ioi [j = m + 1, . . . ,n). 

2. Then we put Gr^"'+^^ := Gr*^'"*^ ^^^^ . We have the filtrations (f) {j = m + 2, . . . , n) induced 
by (i). 
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2.1.5 Compatible sequence of filtrations 

Let {W{1), W{2), . . . , W{n)) be a filtrations on V. Let h = {hi, . . . , hn) be a tuple of integers. We have the 
following morphism: 

n 
3 = 1 

The image of -kh is always contained in Gr^^^^ PI n"=2 ^'"^\j)hj- 

Definition 2.1 A sequence of the filtration (W{V), . . . ,W{n)) is called compatible, if the following holds, 

inductively: 

1. (VF'^^(2), . . . , W^^\n)) is a compatible sequence. 

2. For any h € Z", the image of nh is same as Gr^^^ n n"=2 ■ ' 
Remark 2.1 When n <2, the condition is trivial. 

Definition 2.2 Let {W{1), . . . , W(n)) is a compatible sequence of filtrations. A non-zero element f €V is 
called compatible with the sequence {W{1), . . . , W{n)) if the following holds, inductively: 

1. The induced element f^^^ G Gr^^^ is compatible with the sequence {W^^^'Q^ • • • i W^'^'fel:))- 

2. For any j > 2, we have deg^®(/) = deg^^'*''(:^'(/''^)- ■ 

Definition 2.3 Let {W{1), . . . , W{n)) is a compatible sequence of filtrations. A base v = (vi) ofV is called 
compatible, if the following holds, inductively: 

• For each i, the element Vi is compatible with the sequence {W{1), . . . , W{ri)). 

• V is a compatible base with W{1). 

• The induced base v^^^ of Gr^^^ is compatible with the sequence 
Let consider a decomposition of V into ©/^g^n Uh. 

Definition 2.4 Let (W(l), . . . , W(n)) is a compatible sequence of filtrations. A decomposition V — ®i^^^n Uh 
is called a splitting compatible with the sequence (W{1), . . . ,W{n)), if the following holds for any h e Z" : 

n 

r\W(r),,(H)= Uk, T{h):={k€Z"\qj{k)<qj{h)}. 

Here qj denotes the projection Z" — > Z onto the j-th component. I 

The dimension of Uh is denoted by dih). 
Lemma 2.1 Let . . . , W{n)) is a compatible sequence of filtrations. 

1. Let V be a base ofV compatible with the decomposition V = 0hgzn Uh. Assume that the decomposition 
is compatible with (W^(l), . . . , W{ri)). Then the base v is compatible with {W{1), . . . , W{n)) 

2. Let V be a base ofV compatible with the sequence {W{1), . . . , W{n)). We put as follows: 

Uh := {Vi\deg'^^l\vi)=qj{h)}. 
Then the decomposition V = ©^gz" is compatible with the sequence iW{V), . . . , W{n)). 

Proof Let see the first claim. We use an induction on n. Let vhea, base compatible with the decomposition. 
Clearly it is compatible with the filtration 

Let ir'h denote the composite of the following morphisms. Here we put hi = h for simplicity of notation: 

n 

U,^f]W{f)h^^Gri'\ 
feez" 3=1 

qi(k) = h 

Since the decomposition is compatible with the sequence of the filtrations, tt^ is isomorphic. Thus we obtain 
the decomposition of Gr^/^^ as follows: 

Gri^'= ^UU,). 

qi(k) = h 
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Due to the following isomorphism, the decomposition is compatible with the sequence {W^^^ (2), . . . , W^^^ {n))' 



T^'hiUchM)) ■ 



k'er(i) 



W{l)h-lr^iXrlw(j + l)l^ 



3 = 1 



Here we put T(Z) = {fc' € Z" ^,qj{k) < Ij, j = l,...n— 1}, and {h,k') denotes {h,k'i, . . . ,k'n_i) for 
fe' = (fc'i, . . . , fc^i_i). By our assumption of the induction, the induced base compatible with the 

sequence iW^^>(2), W^^\n)). We also have deg^^i\vi) = deg^^'^ '^l^Vi) for j > 2. Thus we obtain the 
first claim. 

The second claim can be shown similarly. I 

Lemma 2.2 Let (14^(1), . . . , W{n)) be a compatible sequence of the filtrations. There exists a decomposition 

V = 0^gz7i Uh compatible with the sequence {W{1), . . . , W{n)). 

Proof We use an induction on n. Let consider the induced filtrations Gr'f^^ n W'-^-'(j) on Grl^\ which is 
easily checked to be compatible. By our assumption of the induction, we can take a compatible decomposi- 
tion: 

n-l 

For an element h = (hi, . . . , h„) £ Z", we put h' = (fe, . . . , hn). Since (VK(1), . . . , W{n)) is compatible, 
U'hi ,hi is contained in the following morphism: 

n n 
j=2 3=2 

We pick the subspace Uh of W{V}hi n n?=2 ^ij)hj, which is isomorphic to Uf^^ f^, via the morphism tt^. 
Then we obtain the decomposition V = ©^^ggn Uh- 
By our construction, we have the following: 



3=2 



3=2 



U^H,,,) 
keT(h') 



Thus the induction can proceed. 



2.2 A commuting tuple of nilpotent maps 

2.2.1 Tensor product, symmetric products and exterior products 

Let be a finite dimensional vector space over C and A'^ be an endomorphism of V. Then we have the 
tensor product 1/®'', the symmetric products Sym'^iy) and the exterior products f\'^(y). We also have the 
endomorphism oiV^^: 

^ ^ > . > 

iV := 2^ 1 (g) • • • (g) 1 (g)iV (g) 1 (g) • • • (g) 1 . 

n 

We often denote N by A'"® We will not use the endomorphism N igi ■ ■ ■ igi N . Thus the author hopes that 
any confusion does not occur. The morphism A^®" preserves the subspaces Sym''(V) and /\'^{V). Thus it 
induces the endomorphisms of Sym''(V) and A''(^)- We denote them by N^'^'^ ^ and N^'^ respectively. 



2.2.2 The weight filtration of nilpotent maps 

Let be a finite dimensional vector space over k and iV be a nilpotent map of V. Recall that N induces 
the weight filtration W{N) of V, which is characterized by the following properties: 

• N-Wi{N) C Wi-2{N). 

• The induced morphism A'^'^ : Gr^'-^' — > Gr^^^' is isomorphic for any A; > 0. 
We have the following obvious lemma. 
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Lemma 2.3 Let v be a base ofV compatible with the filtration W{N). Then we have the following equality: 

i 

I 

For any Z > 0, we put PiGr^'-^'' := Kei{N'+^ : Gr^^^^' — > Gr^^-^')- When / - a = 2m > for some non- 
negative integer m, we put PiGr^^'^^ := lm{N^ : PiGr^^'^^ — > Gro). Then we obtain the decomposition 
Gra '■= ®o<h Pa+2hGra, which is called the primitive decomposition. 

2.2.3 Splittings of the weight filtrations 

Let 5/2 is a Lie subalgebra of the (2 x 2)-matrix algebra M(2) with the following base: 



^ y ' ^ \ I J ' V -1 

Assume that we have a homomorphism of Lie algebras 77 : 5^2 — > End{V). Then we obtain the weight 
filtration W{r]{Ni)), and the decomposition of V into the eigenspaces of r]{C): 

V = ^V„. 

a 

Here a runs through the eigenvalues of ??(C). Then we have the fohowing: 

h<l 

For any non-negative integer n, we have the naturally induced representation 77®" : 5/2 — » End{V^"'). 
For an n-tuple a = (ai, . . . ,a„) of the eigenvalues of 7?(G), we put Va := Vai 18) • • • ® Va„. We have the 
decomposition of " as follows: 

a 

Here a runs through the set of n-tuples of the eigenvalues of r]{C). It is clear that Va is contained in the 
eigenspace of rj®"(C) with the eigenvalue p(a) = ^"^-^ on. Thus we have the eigen decomposition of y®": 

y«" = 0( Va). (2) 

Here a runs through the eigenvalues of r7®"(G). Then we obtain the following: 

W^(W^i)®")= K. = {^xi®---®x„| ^deg^(''(^i»(xi)</}. (3) 

p{a)<l 

Let consider the case of the symmetric product and the exterior product. We put as follows for a set /: 

S{I,n) :={/:7^Z>o| ^/(i)=n}. 

For / e S{I,n), we put ~ Eie/« ' /(«)• 

Let I be the set of the eigenvalues of ri{G). Then we have the following decomposition: 

Sym"(y)= (g)Sym««)v„, /\{V) = <^/\V„. (4) 
fes{i,n)aei feS{I,n)aeI 

By considering the eigenvalues of rj{Cy^'^ " and r]{C)^", we obtain the following: 

WiiviN^r-- ") = Sym^^") V„ = {^x^ a;„ | ^ deg^(''(^^»(xi) < l} 

feS(I,n), ael 

Pif)<l 

, , , (5) 

feS(I,n), ael 

p(f)<l 
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Let A'' be a nilpotent map on a finite dimensional vector space V. We can pick a representation rj : 
sh — > End{V) such that r]{Ni) — N. Thus we obtain the following: 

W,iN'»") ^ \ j:xi(g,---0Xn\j: deg^e^) x,<l}, 
W^iN^y- ") = {e x„ I E deg^e^) x,<l}, 

W^K^^ ") = {E A • • • A a;„ I E deg^(^' :r, < z}. 

Let assume that we have a splitting of the weight filtration W{N), i.e., we have a decomposition V = 
0^ Uh such that W{N)i = 0^<; Uh- Then we have the decomposition of the products V^", Sym"{V) and 
/\" V hy the same formula as those (^) and although the meaning is slightly different. They give the 
splitting of the filtrations W(iV'»"), WiN'^^'^ ") and W(iV''") by the same formula as those (g) and (g). 



2.2.4 Compatibility of a commuting tuple of nilpotent maps 

Let V he a, finite dimensional vector space with a decomposition V — ^ Vi. Let A'^ be a nilpotent endomor- 
phism of V. Then it induces the weight filtration, which we denote by W{N). Recall that n denote the set 
{l,...,n}. 

Definition 2.5 Let Ni, . . . , A'',i be a tuple of nilpotent maps of V. It is called a commuting tuple, if Ni and 
Nj are commutative for any i,j £ n. I 

Definition 2.6 Let {Ni, . . . , Nn) be a commuting tuple of nilpotent maps. We say that the constantness of 
the induced filtration on the positive cones holds, if the following holds: 

For any subset I C n, the filtration M^(Eig/ ciiNi) is independent of [at \ i £ I) £ R.>o- 
When the constantness of the filtrations on the positive cone holds, we denote the filtration W {^nzi o-iNi) 
(a, > 0) by W(/). I 

Assume that the constantness of the filtrations on the positive cones holds. We put N{j) — Ei<j ^i- 
Let W{j) denote the weight filtration of N{j). We denote the graded vector space associated with by 

Gr'^'. We have the projection -khi ■ — <■ Gr^j^K Let h = {hi, . . . , h„) denote an n-tuple of integers. 
Then we have the following morphism: 

: wiDh, n w{2)h, n • ■ • n vy(n)„„ Gr['^. 

On the other hand, N{j) induces the morphism A'^'^' (j) on Gr'^' . Let W{N^^^ (j)) denote the weight filtration 
of N^'-Hi)- Then we have the subspace Gr'f^^ n flj^a of Gr[^^ . 

Definition 2.7 Let {Ni,N2, . . . ,A'^;) be a commuting tuple of nilpotent maps. It is called sequentially com- 
patible, if the following holds inductively: 

• The constantness of the filtrations on the positive cones holds. 

• We have the induced tuple {N2^\ . . . ,Ni ^^) of the commuting nilpotent maps on Gr^(^i). It IS sequen- 
tially compatible. 

• For any h = {hi,. . . we have lm{7Vh) = Gr^^^ n • ■ 
Remark 2.2 The third condition in Definition 2.7 can be reworded as follows: 

• Let W^^\j) denote the filtration of Gr^^^ induced by W{j). Then we have the following: 

w'^'\jy+a n Gri^) = W{N'^'\l))i n Gri^). 

• We have lm{-Rh) = Gr« n fl^La W'^^\j)H, for any h = (/ii, . . . ,h„) £ Z". I 

Remark 2.3 On Gr^^\ we have iV<^'(j) = J2i<j N^^^ = EL2 ^i^'- ' 

Lemma 2.4 Assume that {Ni, . . . ,Nn) is compatible. Then {W{1), . . . , W{n)) is a compatible sequence of 
filtrations. 



Proof We only have to note Remark 2.2. I 
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Definition 2.8 Assume that {Ni, . . . , Nn) is sequentially compatible. A base v is called compatible with the 
sequence {Ni, . . . , Nn), if it is compatible with the sequence {W{V), . . . , W{n)). I 



For any n-tuple h = {hi, . . . , hn), we have the foUowing morphism: 

n 

i=2 



Lemma 2.5 When {Ni, . . . , Nn) is a sequentially compatible, we have the following implication: 



J=2 



Proof We have the following implication: 



Im(P7r,,) C 



n 



c 



j=2 



Thus we are done. I 
Definition 2.9 A tuple (Ni, . . . ,Nn) is called strongly sequentially compatible if the following holds: 

• (A^i, . . . , A'"„) is sequentially compatible. 

• For any tuple h — {hi, . . . , hn), we have the following: 



lm{P-Kh) = 



PHiGr^H^nf]W^'\j_),^ 



j=2 



Definition 2.10 A commuting tuple {Ni, . . . , Nn) of nilpotent maps are called of Hodge type, if the following 
holds: 



For any permutation a of n, the tuple {N^r^i), • . • ,Ncr{n)) is strongly sequentially compatible. 



I 



2.2.5 Sequential compatibility in the level h 

Definition 2.11 Let {Ni, N2, . . . , Nn) be a commuting tuple of nilpotent maps. It is called sequentially 
compatible in the level h, if the foUowing holds: 

1. The constantness of the filtrations on the positive cones holds. 

2. The induced tuple {N2^\ . . . ,N^^) on Gr^'^^' is sequentially compatible. 

3. For any h ^ {hi, . . . , hn) such that hi < h, we have Im(7rh) = Gr^^^ n n"=2 WiN^^\f))hj-hi ■ 

In particular, when h is the bottom number of the filtration W{1), we say that {Ni, . . . , Nn) are sequentially 
compatible in the bottom part. I 

Lemma 2.6 Let {Ni, . . . , Nn) be a commuting tuple of nilpotent maps satisfying the conditions ^ and ^ m 
Definition 2.11. When we check whether {Ni, . . . , Nn) is sequential ly co mpatible m the bottom part, we only 
have to check the following instead of the condition^ in Definition 2.11. 



4 For any h, we have W{'V)i, n W{j)h = Gr\^^ n W {N''^\j))h-i,, where b denotes the bottom number of 
W{1). 

Proof It is clear that the condition ^ implies the condition 4. In the bottom part, we have the equality: 



w{i), n n w{i)u, = n (^(i)" n w{3_)h,) 



3=2 



J=2 



Thus the condition 4 implies the condition ^. 



Definition 2.12 Let {Ni, . . . ,Nn) be a commuting tuple of nilpotent maps. We say that it is universally 
sequentially compatible in the bottom part, if {Ni ™, . . . , A'^^ is sequentially compatible in the bottom part 
for any non-negative integer m. 
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2.2.6 Splitting of the sequentially compatible nilpotent maps 

Lemma 2.7 Let (Ni, . . . ,Nn) be a commuting tuple, which is sequentially compatible in the level h. Then 
there exists the decomposition ofWhiX)' 

fcGZ" 

The decomposition satisfies the following for any h = (hi, . . . , hn) such that hi < h: 

n 

{^W{j)H,= C/fe, U{h):^{keZ^\p,{k)<h, j^l,...,n}. (6) 

j = l k£U(h) 

Here we put pj{k) ■— J2i<j fo^ ^ = (^i: • • ■ i ^i)- 

Proof We have the filtrations W{l)h H ]¥{£) of W{l)h for any j. The sequence {W{l)h H W{1), W{l)h D 
W{2), . . . ,W{l)h <^ W{n)) is compatible. Thus we obtain the compatible decomposition: 

WiDh = f/fe- 

feGZ" 

For any h £ Z", we put i-i{h) :— {p\{h) , p2{h) , . . . , pn{h)). Then we put as follows: 

Then the decomposition V = ®hei, desired property. I 

Let (A^i, . . . , Nn) be a sequentially compatible in the level h. We put as follows: 

R = dim W{l)h, fe = ^ a • dim Gri^' . (7) 

a<.h 

We put V := A"* ^ and Mr := and N{j) = E><, ^r- 

Lemma 2.8 Let consider the weight filtration VV(j) :— VV(A/'(j)). 

• The bottom number of the filtration VV(j_) is b. 

• We have the natural isomorphism VV(j_)6 ~ det(H^(j_)h). 

• Let e be a non-zero element ofW{V)b- Then we have deg^^— '(e) = b for any m. 

Proof The first two cl aims are clear, and we do not need the sequentially compatibility in the level h. (See 
The sequence (W(]_), W[rn)) is compatible. Let take a frame v which is compatible 



the subsubsection 2.2.3 



with the sequence W[rn)). Then we have the following equality: 

deg ^— '(iii)=deg ^— '(Wi)=deg ^-'(wi)+deg ^ K )■ 

We also have the following: 

^ deg^(iv(^)(Hi))(„{i))^0. 

dcg"'(i)(jJi) = a 

Then we obtain the equality deg^'— '(fi) = X^f,<;j a ■ diniGri^' = b I 

2.2.7 Splitting of strongly sequentially compatible nilpotent maps 

Let qi : Z" — > Z denote the projection onto the first component. 

Lemma 2.9 Let {Ni, . . . , Nn) be commuting tuple of nilpotent maps, which is strongly sequentially compat- 
ible. Then we have the decomposition: 

1^ = P>=U,. 

k>o fcez" 

It satisfies the following: 
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1. It gives a splitting of the filtrations W{j), that is we have the following: 



i = l k>OkeU{h) 

2- PkUk ~ unless |gi(fc)| < k and k — gi(fe) is even. 

3. When — fc < gi (fe) < k, we have Ni [PkUk] ~ PkUk~2Si ■ Here we put k — 25i = [k\ — 2, ^2, . . . , fcn) 
for k = {ki, . . . ,kn)- 

4. When qi(fe) = -fe, Ni{PkUk) = 0. 

Proof We have the sequentially compatible tuple (A'^^^\ • . • , Ni^^) on PhGr^^K Thus we have the decom- 
position of PhGr^i^^: 

n-l 

PhGr'i^ = PhUhM, PhGrj'^ n n W{N^'\j + = PHUH,k. 



keU(h') 



For a tuple /i = (/ii, . . . , we put x(/i) := {hi, — hi, kg — h2, . . . , /i„ — /i„_i), and x'C^) = (h2 — hi,h-j,~ 
/i2, ■ . ■ ,hn — hn-i)- Note that xC*) G U{h). When we put = (h,2 — hi, . . . ,hn — hi) £ Z"~^, we have 

Since (A'^i, . . . , A^„) is strongly sequentially compatible, the space PhiUh-i,x' (h) contained in the image 
ofPTT^: 



Pt^h 



J=2 



J=2 



3 PhiUh^^^i(h)- 



Thus we can take a subspace PhiUx(h) of Ker(Ai'(l)''i"'''^) n 07=2 ^0)h3 such that PhiUxW is isomorphic 
to PhiUh-i,x'(h) via the morphism Ptth- 

For an integer m such that < m < /ii, we put as follows: 

PhiUh-2mSi —NriPhiUh 

Here we put h — 2m ■ 5i = (fti — 2m,h2, ■ ■ ■ ,hn) for /i = (hi,h2, ■ ■ ■ ,hn). By our choice, we have 
jY^i + i ^p^^ |ry^^ _ Q "pjjgjj obtain the desired decomposition. I 
For any tuple G Z" and fe > 0, we have the number d{k,h) := dim PkUh- Clearly we have d{k,h) = 
d{k-2,h) if -k < qi{h) < fe. 

Corollary 2.1 Assume that {Ni, . . . ,Nn) ts strongly sequentially compatible. Then we can take a base v of 
V satisfying the following: 

1. V ^ (vk,h,v I fe > 0, /i G Z", 7) = 1, . . . , d{k, h)^ . 

2. We have Ni{vk,h,r,) = Vk,h-2Si,r^ when — fe < qi{h) < k. 

3. iViK.h,,,) =0 ifqi{h) = -k. 
I deg^®K,h,,) =P.W. 

5. V is compatible with the sequence [W{V), . ■ . , W{n)) . 

Proof We take a base ^«hi.h.,,7 1 77 = 1, . . . , d{hi, h)^ of PhiUh in the case h = (/ii, . . . , We put 

"^hi .h — 2m5 i ,77 := NY^{vhi,h,r]). Then we obtain the frame desired. I 

Definition 2.13 A frame v satisfying the condition in Corollary 2.1 is called strongly compatible with 
{N{l),N{2),...,N(n)). 
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2.2.8 A reduction of the sequential compatibility 

Proposition 2.1 Let {Ni, . . . , Nn) be a commuting tuple. Assume the following: 

• (A'^i, • • • , N„) is universally sequentially compatible m the bottom parts. 

• (A'"i + N2,N-j,, . . . , Nn) is sequentially compatible. 
Then {Ni, N2, . . . , Nn) is sequentially compatible. 

Proof We only have to show that (A'^i, . . . , Nn) is sequentially compatible in the level h for any h. We use 
an induction on h. We assume that we have already known that (TVi, . . . , Nn) is sequentially compatible in 
the level h — 1. 

We put as follows: 

_Ri := dimW(l)h_i + 1, bi~ ^ a ■ dim Gri'> + ft. 

a<h-l 

We put Vi := A^' V, A/"* := and AA(j) = J2^<J■^i■ We obtain the weight fihration Vy(j) of AA(j). 

We denote the associated graded vector space of W(l_) by Qr^^K Then the bottom number of the filtration 
yV(j_) is bi above. The tuple (A/i, . . . ,Afn) is sequentially compatible in the bottom part. Thus we have the 
following equality for any {h2, . . . , hn): 

n n 

>v(i)bi n n Mjjh, = erif n n w(AA(i)(j)),^.„,,. 

Due to our choice of Ri, we have the natural isomorphism: Gr^^^ — W{X)bi — det(H^(j_)h_i) (8) Gr'^\ 
Under the isomorphism, the morphisms A/"/^' and A*'-'^' also correspond. Thus we obtain the following 
equality for any h and (/12, . . . , hn) under the isomorphism: 



n n W{J^^'Hj_))h^-h = det(W^(l)h_i) . 

j=2 



J=2 



Thus we only have to check the following coincidence. (Here we put hi = h for simplicity of notation): 



f] = det(H/(l)h-i) ' 



Im(7r^ : f] H/(j),^. Gr« 
3=1 



First we see that det(W(X)h_i) (8)Im(7rh,) is contained in flj^i ^{j)hj-hi+b. Let take a non-zero element 
e of det(W(l)h_i). We know that the degree of e in A'" V' with respect to the fihration W{N{j)^^) is 
b = hi — hi for any j. Here R and b are given as follows: (See (Q). We use /i — 1 instead of h.) 

R:=dimW{l)h-i, b:= J2 « ■ dim Gri'' = 61 - /ii. 

a<h-l 

Thus we obtain the following inequality: 



deg^^i'(eAy) < 61 - hi +h 



It implies that eAy£ Cl'^^i W'(j)6i-hi+hj . 

Let see the implication flj^i ^{i)bi-hi+hj C det(H/(l)h-i)®Im(7rh). Any element of n"=i y^{f)bi-hi+hj 
is described as follows: 

cAy, y€W{l)hi. 

Let consider the splitting V = ©feggn-i Uk compatible with the sequentially compatible tuple (A'^i + 
N3, . . . ,Ni). Then we have the following decomposition: 

y ^ ^ Vk, yk eUk- 

fegZii-l 

Due to the condition deg^'-'(c A y) < hn — hi + b, we have the following vanishing for any I > h„: 

eA J2 yk=0. 

p„(fc)=! 
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It implies that ^/.-f^iyk G W{l)h-i- We put as follows: 

y' ^y- Yl y''- 

p„(fc)=i 

Then we know the following: 

eAy'^eAy, y' G VK(l)h. 

Thus we can assume that yfe = if Ph{k) > /i„, from the beginning. 

By an inductive argument, we can assume that yfe = if there exist 2 < j < n such that Pj{k) > hj. In 
that case, y is contained in flj^i ■ It implies the implication desired. Thus we are done. I 

2.2.9 A lemma of Cattani-Kaplan 

Let A^i , . . . , Nn be a commuting tuple of nilpotent maps on V. Let ti . . . ,tn he formal variables and we put 
N{t) := X] ^! ' ^i- Lst K denote the rational function field C(ti, . . . , t„) with variables t\, . . . ,tn. Then 
N{t) gives a nilpotent map over V ®c K. The weight filtration induced by N{t) is denoted by W{t). 

Let a — (fli, . . . , a,i) be an element of C". Then we have N{a) = ^ ■ A'^;. We denote the weight 
fihration of N{a) by W{a). 

Definition 2.14 When we have dimc(Vy(a)i) — dimx (W(t)i) for any I, we say that a is general, or that 
N(a) is general. I 

Since Ni are commuting, we always have Ni ■ W{a)i C Wi{a). 
Lemma 2.10 (Cattani-Kaplan, jij) When N{a) is general, we have Ni ■ W{a)i C W{a)i-i. I 

2.2.10 A lemma for the conjugacy classes of the nilpotent maps 

We recall some general result on the conjugacy classes of nilpotent maps. We will use the result later without 
mention. Let _R be a discrete valuation ring. Let K and k denote the quotient field and the residue field of R 
respectively. Let V be a free module over a discrete valuation ring R. Let N he a. nilpotent maps of V defined 
over R. We put Vk ~ V ®ij K and Vk ~ V ®r k. We have the induced nilpotent maps Nk G End{VK) 
and Nk G EndiVk)- They induce the weight filtrations Wk and Wk of Vk and Vk respectively. 

Lemma 2.11 We put lo :— mhi{l | dimM^K.i 7^ dimM^fe,;}. Then we have the following inequality: 

dimif Wk,Iq > dimfc Wk,io- 

Proof First observe the following: Let b{K) and b{k) he the bottom numbers of the filtrations Wk and 
Wk- If iV]f = 0, then N'- = and thus Nj, = 0. It implies that b{K) < b(k). If b{K) = b(k) = b, then we 
have the following inequality: 

dimW^K,b{A') = dimIm(iV]^) > dimlm(iVfe) = dim W^fe,i,(fe). 

We put D — X];<io dim Wk,;. By considering the exterior product A^^^ can reduce the problem 

to the comparison of the dimension of the bottom parts. Thus we are done. I 

2.3 Vector bundles and filtrations 
2.3.1 Words and Notation 

Let X be a complex manifold and £ be a C°°-vector bundle over C. The space of C°°-sections are denoted 
by C°°(X, _E). When i? is a holomorphic bundle, the space of holomorphic sections is denoted by T{X,E). 
For frame v and w, we have the transformation matrices B determined hj v = w ■ B. 

Let ft be a hermitian metric of E, and t; be a frame of E of rank r. Then we obtain the 7i(r)-valued 
function H{h,v) and H{h,v)~^ . 

Definition 2.15 A frame v is called adapted, if H(h,v) and H{h,v)^ are bounded over X. I 
Let y be a subset of X. The restriction of _E to y is denoted by E\y- 

Assume that a decomposition of E^y into a direct sum of vector bundles Ei is given. The restriction 
of a C°°-section / of i? to y is denoted by It is called compatible with the decomposition, if there is 
an i such that /|y is a section of _Ei. A frame v — {vi, . . . ,v„) of i? is compatible with the decomposition, 
if each Vi is compatible with the decomposition. 
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2.3.2 Filtrations 

A filtration W of E^y by vector bundle is defined to be a finite increasing sequence of vector subbundles: 

Wa C Wa+l C • • • C Wa+h C E^y- 

The associated graded vector bundle on Y is denoted by Gr^ (E^y)- 

If is a holomorphic vector bundle, then a filtration of E by subsheaves is defined to be a similar finite 
increasing sequence of subsheaves. 

When a decomposition of E^y is given, a filtration W of E^y is called compatible with the decomposition 

iiWi=®,E,nWi. 

Definition 2.16 Let W be a filtration of E\y. A C°° -section f of E is called compatible with the filtration 
W, if the numbers deg^l^(/(P)) are independent of P €Y. In that case, we put deg^{f) := deg^l^(/(P)) 
for some P £ Y . 

Definition 2.17 Let v = {vi, . . . ,v„) be a C°° -frame of E. It is called compatible with the filtration W of 
E^Y, if the following conditions are satisfied: 

1. Each Vi is compatible with the filtration W . 

2. For any point P €Y, the frame v\p is compatible with the filtration W\p. 

The induced sections v^^^ = {v[^\ . . . , v^^^) on Y gives a frame of Gr^{E\y) compatible with the decom- 
position. 

We put X = A", Di = {zi = 0} and D = D, for / < n. We put Di = IJie/ A for I C I. Let cr be 
an element of the Z-th symmetric group Then we obtain the sequence of the subset: 

/i C /2 C ••• C /(, Ij = {(T{i)\i<j}. 

Then we obtain the sequence Dj^ D Dj^ D • • • D . 

Definition 2.18 Let E be a vector bundle over X. A sequence (W{Ii), W{l2), . . . , VK(7()) of the filtration 
of E is the following data: 

1. For any point Q € Dj^, the sequence (W{Ii)^q,W{I2)\q, ■ ■ ■ ,W{Im)\Q) is a compatible sequence of 
filtrations. 

2. W(Ij) is a filtration of El Or by vector subbundles. 

j 

3. Let h = {hi, . . . ,hm) denote a tuple of integers. We have a vector spaces fljli ^(-T;)/!, |Q for any 
Q € Dim- Then they form a vector subbundle of E\Oi ■ Namely we have a vector subbundle 

r\T=iWiij)h,\D,^ofE\o,^. " I 

Let Q G -Di„. Then for any tuple h G Z"*, we have the number d{h) = dunUh for a splitting Eq = 
®fe6Z compatible with the filtrations , • • • , W{Im)\Di ) • 

Lemma 2.12 For a tuple h G Z"^ , the number d{k) is independent of a choice of Q G Dim- 
Proof As is easily seen, the number d{k) is determined by the following numbers: 



dim 



{hi, . . . ,hm) € '. 



By our assumption, the numbers axe independent of a choice of Q. I 
On D{Ii), we obtain the graded vector space ^r*-^^ associated with the filtration W{Ii)- For any point 
m i we have the induced filtration W^^ ^ {Tti)\Q of Qv^q. 

Lemma 2.13 {W'^''\l,n)\Q | Q € D/^} gives a filtration of E^jj^ by vector subbundles- 

Proof We only have to chock that the dimension of W''^\l,n)\Q is independent of a choice of Q € Di^- It 
follows from the fact that the numbers d{h) are independent of a choice of Q G D/„ . I 
For any I € IT''^ , we have the vector subspaces W*^^ {^3+^)13 | Q I <? ^ Dim). 

Lemma 2.14 For each I € Z'""^ {r\T=i ^'^^H^j+'^hj I Q I <? ^ Dim } forms a vector subbundle over Dim ■ 



19 



Proof Again we only have to see the independence of the dimension of the vector spaces fljli^ ^^^\^J+'>-)ij I Q- 
It follows from the fact that the numbers d{h) are independent of a choice of Q G Z)/„ . I 
We have the vector bundle Qr^^^ on D/^ , and t he fi ltrati ons W^^^Ij) on Dj for j > 1. We have already 
seen the following proposition in the lemmas 2.13 and 
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Proposition 2.2 (W^^^h), ■ ■ ■ ,W^^\li)) is a compatible sequence of filtrations. I 

Definition 2.19 Let f be a section of E over X . We say that f is compatible with the sequence of the 
filtrations (W{I\), W[l2), ■ • ■ , W^Iif) , if the following is satisfied: 

• / is compatible with W[Ij) for any j. 

• Let P be a point of Di. . Then f\p is compatible with the filtrations (VF(/i)|p, . . . , W{Ij)\p) . I 

Definition 2.20 Let v be a frame of E. We say v is compatible with the sequence (W (Ii), . . . ,W (Ii)) if 
the following holds: 

• V is compatible with the filtration W{Ij) for any j. 

• Let P be a point of Ij . Then v\p is compatible with the sequence (W {Li)\p, . . . ,W {Lj)\p) . I 
2.3.3 The existence of compatible splitting 

Let (W(/i), . . . , W{Li)) be a compatible sequence of filtrations. For simplicity of notation, we assume that 
7, =i = {l,...,j}. 

Lemma 2.15 For any 1 < m < I, there are decompositions of E\p)„i' 
They satisfy the following: 

1. For any h £ Z'", we have flJLi Wipjhj = ®u&r{h) on Djn. Here T{h) denotes the set of k £ Z"^ 
satisfying qj{k) < hj for any 1 < j < m. 

2. We have K-h \ d,„+i = 0^ f^{h,k)- Here (h, k) = {hi, . . . , hm,k) for h = {hi, . . . , hm). 

Proof We use an induction on 1. We have the vector bundle ^/r^^' on Di_, and the filtrations Gr^i^^ nVK'^'(j/) 
on Dj . Since the sequence of the filtration is compatible, we have the compatible splitting: 



fc'gZ' 



We construct ICh on Dm by using an descending induction on m. Assume that we have already con- 
structed tCfi on Dm+i, and consider the decomposition on Dm- 

For a tuple h = {hi, . . . , hm) G Z™', we put h' — (/12, . . . , hm.)- Then lChi,h' is contained in the image of 
the following morphism on Dm, by our assumption: 

m m 

j=i i=2 

On Dm+i, we already have ®i^K,(h,k)- By extending it, we can take a subbundle K,h of fl^Li '^ij)hj on 
Drn^, satisfying the following: 

• ICh is isomorphic to ICh^^h' via the morphism nh- 

• We have /C^iD^^ = 0fc /C(h,fc). 

Thus the induction can proceed. I 

Definition 2.21 Such tuple {ICh \ h G Z'", m — 1,...,/} is called a compatible splitting of the sequence 
{W{1),...,W{1)). I 

Lemma 2.16 Let {W{1), . . . ,W{V)) be a compatible sequence of filtrations of E, There exists a frame v of 
E compatible with the sequence {W{V), . . . , W{V)). 

Proof We take a compatible splitting {K.h \ h G Z™, m = 1, . . . , Z} of the sequence (W(i), • . • , W{V)). We 
can take a frame v compatible with the splitting {K-h \ h G Z"", m — 1, ... ,1} . Thus we are done. I 
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2.4 Commuting tuple for a vector bundle 



2.4.1 Constantness of the filtrations on the positive cones 

Let iJ be a holomorphic vector bundle over A". Let / be a natural number such that / < n. We put 
Di ■- G A"|2i = 0}, and D„ = fllli A- Let Ni be an element of T{Di,End{E)\o.) for 

i = 1, . . . , /. For m < I, we have the nilpotent maps Ni, . . . , Nm of End{E\]j^) on Dm^- Then we put as 
follows, for any a G R™o- 

m 

N{a) := a, ■ Nj , n^. 

Definition 2.22 We say that the constantness of the the filtrations on the positive cones for {Ni, . . . , Ni) 
holds, if the following holds: 

• For any m < I, for any Q G Dm and for any I C m, the filtration W{a)\Q is independent of a choice 
ofa€ R>o, 

• { W(a)|Q I Q G Drn} forms the vector bundle on Dm- I 



2.4.2 Sequential compatibiUty 

Let i? be a holomorphic vector bundle over A". We put Di := {{zi, . . . , z„) G A" | Zi = 0}, and Dm = 
fXiLi Di. Let I be a number less than n. Let A'^; be an element of r{Di, End{E)^£i.) for i = 1, . . . ,1. On Dm, 
we have the nilpotent maps A''i | r,^^, . . . , Nm \ d„ of End[E\r)^). 

Definition 2.23 A commuting tuple {Ni, . . . , Ni) is called sequentially compatible, if the following holds: 

1. Let P be a point of Dj . Then {Ni ^ p, . . . , Nj ^ p) is sequentially compatible. 

2. We put N{j) — '}2i<j Ni\Dy Then the conjugacy classes of N{j)^Q are independent of Q £ Dj . 

3. Let W{j) denote the weight filtration of N{j). Then {W (1), . . . ,W (V)) is a compatible sequence of 
filtrations. I 

Remark 2.4 When we check whether a commuting tuple {Ni, . . . ,Nn) is sequentially comp atible, we only 



have to check the conditions in Definition 2.18 instead of the conditions in Definition 



2.23 



I 



Definition 2.24 Let (Ni, . . . ,Ni) be a sequentially compatible commuting tuple. A frame v is called com- 
patible with {Ni , . . . ,Ni), if V is compatible with the sequence [W{1), . . . , W^V)) . I 

Lemma 2.17 There are decompositions of E^Om for 1 < m < I: 

They satisfy the following: 

1. For any h G Z™, we have Hjli ^{j)hj = ®heu{h) Dm. Here U{h) denotes the set of k d 17^ 
satisfying pj(k) = ^-^^ qi{k) < hj for any 1 < j < m. 

2. We have K.^ \ i3„+i = 0^ K^{h.k)- Here (h, k) = {hi, . . . , hm,k) for h = {hi, . . ., hm). 

Proof Since (M^(l), . • • , W{V)) is compatible, we have the compatible splitting {ICh \ h G Z™, m = 1, . . . , 
For any h — {hi, . . . ,/im) G Z™, we put i-i{h) := {pi{h), p2{h), . . . ,p„{h)). Then we put as follows: 

Then the tuple {tCh j h G m = 1, . . . ,1} has the desired property. I 

Definition 2.25 Such tuple {ICh \ h G Z™, m = 1, . . . is called a compatible splitting of the commuting 
tuple {Ni,...,Ni). I 

Corollary 2.2 Let E and Ni, . . . , Ni be as above. We can take a holomorphic frame v of E, which is 
compatible with {Ni, . . . ,Ni) I 
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2.4.3 Strongly sequential compatibility 

Let i? be a holomorphic vector bundle over A". We put Di ~ {{zi, ■ ■ ■ , z„) € A" | Zi = 0}, and Dm = 
fXiLiDi. Let / be a number less than n. Let A''^ be an element of r(_Di, _Bnd(_E)|j3. ) for i = 1, /. For any 
m < I, we have the nilpotent maps A'^i | , ■ ■ ■ , N^, \ Dm '^^ ^\Dm ■ 

Definition 2.26 We say that the tuple {Ni,...,Ni) is strongly sequentially compatible, if the following 
holds: 



1. All the assumptions in Definition 2.23 are satisfied. 

2. Moreover {Ni | p, . . . , N^, \p) ts assumed to be strongly sequentially compatible for each P € -Dm- I 
Lemma 2.18 There are decompositions of E\]j^^ for 1 < m < I: 

k>0 h,GZ™ 

They satisfy the following: 

1. For any h G and k > 0, we have Hjli ^U)hj = ®k>o ®keu(h) PkK-k on Dm- Here U{h) denotes 
the set of k £ satisfying Pj{k) < hj for any 1 < j < m. 

2. We have PktCh \ d^+i = ®a Pk!C{h,a)- Here {h, a) = {hi, ... , hm, a) for h = [hi, ... , hm). 

3. PklCh ~ unless \qi{h)\ < k and k — qi{h) is even. 

4. When — fc < qi{h) < k, we have Ni [PklCh) ~ PkK.h-2Si • Here we put h — 25 1 — {hi — 2,h2, . . . ,hn) . 

5. When hi = -fc, Ni{PkICh) = 0. 

Proof On Di, we have the graded vector space PhGrl^\ On Dj^ for 2 < j < I, we have the nilpotent 
morphisms A^j^' of PhGr^^^K Since {Ni^\ . . . , Ni'^^) is sequentially compatible, we obtain the compatible 
decompositions PhGr^i^^j^ = ©^./g^™ ^h.fc' ^^r any 2 < m < I. 

Then we construct PklCh on Dm by using an induction on m. Assume that we already have the decom- 
position on Dm+i- Let h he a, tuple {hi, . . . , hm). We construct Ph^lCh on Dm in the following. 

For a tuple h = {hi, . . ., hm), we put x{h) ~ {hi,h2 — hi, ha — /12, . . . , /i™ — /im-i), and x'W = 
(/i2 — hi, h'i — h2, . . . ,hm — hm-i). Note that x{h) G U{h). If h' — {h2 — hi, . . . , hm — hi) G , then we 

have x'{h) €U{h'). 

By our assumption, IChi.x'(h) is contained in the image of Ptt^: 



Pnh 



Ker(iV(l)'^i + i) n n W{jy^ 
i=2 



PinGri'^ n n W{N^''>{j_)),^.,,, D P,,/C,,,^,(^). 

On Dm+i, we have 0^. IC(xih),k)- By extending it, we can take asubbundle Ph-^IC^(h) of Ker(Af(l)'^^+^) f]^^2 ^OO^j 
satisfying the following: 

• Ph^lC^ih) is isomorphic to lChi,x'(h) via the morphism Ptt^. 

• We have -Phi^xCtjlo^+i = ®a PhiK.(x(h),a)- 

By an inductive argument, we obtain PuK-h on Dm for any m and h G Z*" such that hi — h. 
For an integer m such that < m < /ii, we put as follows: 

PhilCh-2mSi := Ni" {^PhiKLh 

Here we put h — 2m5i = {hi — 2m, /i2, . . . , hn). By our choice, we have N^'+'^ {PhilCh) = 0. Then we obtain 
the desired decomposition. I 

Definition 2.27 Such tuple {PklCh \ k > 0, h £ TT" , m = 1, ...,/} is called the strongly compatible splitting 
of{Ni,...,Ni). I 

For any tuple h £ ll and A: > 0, we have the number d{k, h) := rank PklCh. Clearly we have d{k, h) = 
d{k ~ 2,h) if -k < qi{h) < k. 

Corollary 2.3 Let E and {Ni, . . . ,Ni) be as above. Then we can take a holomorphic frame v of E, around 
the origin O of A" , satisfying the following: 
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1. v= (vk,h,v I fc > 0, 7i G Z\ 7? = 1, . . . , d{k, h)j . 

2. We have Ni[vk.h,r]) ~ ffc, (1-251,77 when —k < hi < k, on Di. 

3. Ni{vk,h,,-i) = = -fc, on Di. 

5. V is compatible with the sequence [W{V), ■ ■ ■ , W{V)) . I 
Such frame is called strongly compatible with {Ni, . . . , Ni). 

Definition 2.28 Such frame is called a frame strongly compatible with {Ni, . . . ,Ni). I 

Definition 2.29 A tuple {Ni,...,Ni) is called of Hodge, if {N^^i^, . . . , N^^if) is strongly sequentially com- 
patible for any a G Sj. I 

2.5 Mixed twistor structure 
2.5.1 Definition 

The harmonic metric can be regarded as a generalization of the variation of polarized Hodge structure. To 
regard the harmonic metric as a variation of some structure, Simpson introduced the twistor structure. 



Definition 2.30 (Simpson |34|) The pure twistor structure and the mixed twistor structure are defined 
as follows: 

1. A holomorphic vector bundle on the projective line is called a pure twistor structure of weight i if it 
is holomorphically isomorphic to a direct some of the line bundle Ofi{i). 

2. A holomorphic vector bundle V with an ascending filtration W by holomorphic vector subbundles is 
called a mixed twistor structure if GrY is a pure twistor structure of weight i. 

Ele also introduced the variation of the twistor structure and observed that a harmonic bundle can be 
regarded as the variation of the pure twistor structure. (See for more detail.) 

In the next subsubsections, we explain a method to use the mixed twistor structure in this paper. 

2.5.2 Lower bound of the degree 

We will use the mixed twistor structure to obtain a lower bound of the degree. We consider the following 
situation. Let (V, W) be a mixed twistor structure. Let L be a holomorphic vector subbundle of V with 
the filtration Wl- If we have the upper bound of the degree of any non-zero element of Wl,i{L), i.e., 
deg^(s) < / + a for any non-zero s G Wl,i{L)\, (A G P^), then we have the inclusion Wl,i{L) C Wi+a- We 
have the following easy lemma. 

Lemma 2.19 Let [V, W) be a mixed twistor structure. Let a be an integer. Let L be a holomorphic 
vector subbundle of V with the filtration Wl such that Wl,i{L) C Wi+a and that the first Chern classes 
CiiGrY"- (L))) are {I + a) ■ rank(Gr,'^^ (L)) for any I. 

Then the induced morphisms Gr^^ (L) — > Gr^-a 'i^ ''■n injection of vector bundles, that is, GrY^ 
naturally gives a subbundle of Gr^a- Moreover GrY^ {L) is a pure twistor of weight I + a. 

In particular, the degree of any non-zero element s G Wl,i{L\) — Wl,i-i{Lx) is exactly I -\- a. 

Proof Let b be the bottom number of the filtration Wl- First we consider the bottom part WL.t- It is 
well known that a holomorphic vector bundle over is holomorphically a direct sum ©^©(j)®"'. 

Assume that WL,b is not a pure twistor structure of weight b -\- a. Since we have the equality "^^^ii = 
{b -\- a) ■ Tank.{WL,b), there is an i > 6 + a such that rii 7^ 0. It is easy to see that Hom{0{i), Wb+a) = 
for any i > b -\- a. Hence we have no injective morphism WL,b —> Wi,+a, which contradicts the fact that L 
is a subbundle of Wt+a. Thus is a pure twistor structure of weight b -\- a. Moreover the composition 

WL,b — > Wb+a — > Grb+a IS injective of the vector bundles. 

We use an induction. We assume that we have proved the claims of the theorem for Wl.i for any 
I < lo and then we prove that the claim for Wl,Iq holds. We have the morphism (f>ig : Gr^^ — > GrY,+a- 
Assume that (^jg is not injective. Note that ci(Ker(0;j,)) is larger than (Zo -I- a) • ra.n\i'Kex{cf>ig). We put 
Kig-i := 7r;~l^(Ker where tviq-i denotes the projection Wl,Iq — >■ Wl,Iq/Wl,Iq-i. Then we have 
the morphism (jiig-i : Ktg-i/WL,io-2 — > Grig+a-i- We have the nontrivial kernel Ker((^io-i) such that 
ci(Ker((^;(,_i)) > {lo - 1 + a) ■ rank(Ker((^;Q_i)). We put ■= 7r,"^l_2(Ker</i!Q_i), where ■Kig-2 denotes 

the projection Wl,;^ — > WLdg/Wig-2. In general, we denote the projection Wl,Io — > Wig/WL,i by tt;. 
Inductively, we can construct the vector subbundles Ki of Wl,Io as follows: 
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Assume that we have Wl,! C Ki C Wi+a- Then we have the morphism (j>i : Ki/WL,i~i — > Gn+a- 
We put Ki-i ■— 7r~_\(0i)- 

Then we can check that ci{Ki) > {i + a) rank Ki. For sufficiently small i, we obtain the inequality = 
ci{Ki) > {i + a) ■ — 0. Thus we arrive at the contradiction if we assume that (jtio is not injective. Thus 
we obtain the injectivity of the morphism : Gr^^ig — > Gvig+a as a vector bundles, namely (jJiolP 
a injection for each point P G P^. Since Gri^+a is pure twistor of weight lo + a, we have the inequality 
ci{GrL,ig) < {lo + o.) rankGrig+a, which is in fact equality by assumption. Thus Gtl.Io is a pure twistor of 
weight Iq -\- a. I 

Remark 2.5 It is remarkable that we obtain the lower bound of degree from some topological information, 
that is, Chern class. 



2.5.3 Morphism of mixed twistors 

Definition 2.31 Let (V''-* , tV'*') (i = 1,2) be mixed twistors. A morphism of mixed twistors are the mor- 
phism of locally free coherent sheaves V'^-* — > V'^-* preserving the filtrations. I 

Let / be a morphism of locally free coherent sheaves V*-^' — > V'^'. We have the morphism f\p : l^p' — > 

(2) 1 

V^'p' for any P e P\ Then the rank of fp are not constant, in general. However, when / is a morphism of 
mixed twistors, then the rank of /|p is constant, as we will see in the following lemma. 

Lemma 2.20 Let (1/''-*, W''-*) (i — 1,2) be mixed twistors, and f be a morphism of mixed twistors. 

1. The rank of f\p is constant, and thus the Cok(/) is locally free. Hence {Ker(/)|p|P G P^} and 
{Im(/) I P G P^} form subbundles ofV^^^ and V'^' respectively. 

2. We put Wi{Ker{f)) = W^^^ nKer(/'). The filtration W.{Ker[f)) induces the mixed twistor structure to 
Ker(/). 

3. We put VF;(Cok(/)) — nCWi'^^), where tt denotes the projection V*-^^ — > Cok(/). Then the filtration 
14^. (Cok(/)) gtves the mixed twistor structure to Cok(/). 

4. We have the equality /(W^/^') = Im(/) n W/^'. We put W^!(Im(/)) = /(W^/^'), and then the filtration 
Vl^. (Im(/)) gives the mixed twistor structure to Im(/). 

Proof Note that VF/*' (i = 1,2) are naturally mixed twistor structures, and that we have the morphism 
fi : Wi^^ — > W/^' of the mixed twistors. Thus we can use the induction on I. 

Assume that I is the bottom number bi of W*^^-'. We have the morphism /i,^ : W^^^ — > ^bf"* ^'^d W^^^ 
is isomorphic to a direct sum of 0(61). We denote the projection Wj;^^ — > Grf^ by vrf \ Then we obtain 
the following morphisms 

t>l 01 01 

We have the composite Gr^-^ (/) ~ tt^^' o /i,^ . Since W^^^ and Gr^^-* are pure twistor of weight 61, it is easy 
to see the following: 

• The ranks of Grt-^{f)\p are independent of P G P^. 

• The kernel, the image and the cokernel of Gri,^{f) are pure twistors of weight 61. The kernel is a 
subbundle of W^,^^ . 

We have the naturally defined morphism Ker(Grf,j (/)) — > W^^^i. Then it is easy to see that the morphism 
is in fact 0. Thus Ker(Grbj(/)) and Ker(/bj) are same. We also obtain the following exact sequence: 

W^'^l, Cok(AJ ^ Cok(Gr(/5j) 0. 

Thus the Cok(/i,j) is locally free, and the ranks of /^^ | p are independent of P G P^. We also know that 
the image Im(/j,j) is a subbundle of Wi,-^, and Im(/i,j) is a pure twistor of weight bi. Thus we can show the 
claim ^ In all, we obtain the claims in the case that / is the bottom number of W'^-*. 

We assume that the claims hold for : Wi^\ — > ^/-ii ^nd we will prove that the claims hold for 
/; : W/^' — > Wi^\ Since /; preserves the filtration, we have the natural morphism Gri{f) : Grp' — > Grf\ 
Because Gr'*' are pure twistors of weight Z, it is easy to see the following: 
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• The ranks of Gri{f)\p are independent of P £ P^. 

• The kernel, the image and the cokernel of Gri{f) is pure twistors of weight I. The kernel is a subbundle 

of Grl^\ and the image is a subbundle of Grp\ 

We have the natural morphism : Ker(/;) — > Ker{Gri{f)). By an easy diagramm chasing, we obtain the 
injection Cok((?i) — > Cok(/i_i) of coherent sheaves. By our assumption, Cok(/i_i) is mixed twister, such 
that Grj(Cok(/(_i)) = 0. On the other hand, Cok(</)) is a quotient of a pure twistor Ker(Gr;(/)) of weight I. 
Thus the morphism Cok(0) — > Cok(/!_i) must be 0, in other words, <f> must be surjective. Thus we obtain 
the exact sequence: 

Ker(/,_i) Ker(/,) Ker(Gn(/)) 0. 
It implies the assertions for Ker(/;). We also obtain the exact sequences: 

Im(/,_i) Im(/0 Im(Gn(/)) 0. 



Cok(/,_i) Cok(/0 Cok(Gn(/)) 0. 

It implies the assertions for Im(/;) and Cok(/;). Thus we arc done. I 

Remark 2.6 Note that the property 4 is remarkable. If we consider a morphism of filtered vector spaces 
{V^^\ W^^^) — > (y^'^\ VK^^'), the properties 1, 2 and 3 obviously holds. However 4 does not hold, in general. 

Let {V, W) be a mixed twistor, and a be an integer. Then we have the naturally defined mixed twistor 
of F ® 0{a), as follows: 

Wi{V g) 0{a)) = Wi-a{V) (8) 0{a). 

It is easy to chock that {V Cg> 0{a), W) gives a mixed twistor. 

Let / : V — > V t)i'O(a) be a morphism of locally free coherent sheaves. Then f\p : V — > V is determined 
as an element of P(Af(r)^). Here r denotes a rank of V and M(r)^ denotes the dual space of the vector 
space of r-matrices. When / is nilpotent, then it induces the filtration W{f\p) on the fiber Vjp for any point 

P G P^ 

Lemma 2.21 Let (V, W) be a mixed twistor and f : (V, W) — > {V ® 0(2), W) be a nilpotent morphism of 
mixed twistor. Then the conjugacy classes of the endomorphisms f\p are independent of P €¥^. 

Proof Let r/ be a generic point of P^. Then wc have the filtration VK(/|^) of V\n induced by the nilpotent 
maps /|^. Let b be the bottom number of the filtration W{f\,j). We use the induction on b. 

When 6 = 0, then f^ = 0. Thus / = 0. Thus we have nothing to prove. Assume that we have proved 

the claim in the case b > bo, and we will prove the claim in the case b — bo. Note that the bottom part 
of the filtration W(f\r,) is same as Im{f^''°) in V\r,, and W-bQ-i{f\,^) is same as Ker(/|~''°). We also have 

jy-bo + l _ Q 

We have the morphism /~''° : V — > V (8> 0(— 2&o), which is a morphism of mixed twistors. Then 
Ker(/~''°) and Im(/~''°) are subbundles of V and V ^ 0(— 26o), and they have the naturally induced mixed 
twistors. We put as follows: 

, _ Ker(/-''°) 

MZ-'o)® O(26o)' 
Then it has the naturally induced mixed twistor structure. 

We have the naturally induced morphism / : V' — > V' ® 0(2). We can apply the claim for 6 < 6o to 
/, and thus the conjugacy class of f\p are independent of P £ P^. Then we obtain the independence of the 
conjugacy class of I 



2.5.4 Sub mixed twistors 

Let (V, W) be mixed a twistor. Let Vi be a subbundle of V. Then we obtain the filtration of Vi by the 

coherent subsheaves Wh n Vi . 

Definition 2.32 We say that V\ is a sub mixed twistor of (V, W) if the filtration {Wh n Vi | /i € Z} gives a 
mixed twistor structure. I 

We have already shown the following: 

Lemma 2.22 Let f : (Vi, Wi) — > (V2, W2) be a morphism of mixed twistors. Then the kernel and image 
are sub mixed twistors of {V\,Wi) and (V2, W2) respectively. I 
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Lemma 2.23 Let {y,W) be a mixed twistor, and Vi {i = 1,2) be sub mixed twistors. Then Vi + V2 and 
Vi n V2 are also sub mixed twistors. 

Proof We can regard Vi n V2 is the kernel of the morphism of mixed twistors Vi ® V2 — > V . We can 
regard Vi + V2 is the image of the morphism. I 

Let A'' : (V, W) — > {V, W) ® 0(2) be a morphism of mixed twistors. Since the conjugacy classes of A'' 
are independent of A G P^, we obtain the weight filtration W{N) of A'' by vector subbundles. The following 
lemma is easy to see. 

Lemma 2.24 For any h, the vector subbundle W{N)h is a sub mixed twistor. I 

Let Ni : {V, W) — > (V^, W) (8) 0(2) be a morphism of mixed twistors for i = 1, . . . , n. 
Lemma 2.25 For any tuple h — {hi, . . . , h„) G Z", fl^Li W{Ni)hj is sub mixed twistor of {V, W) I 

2.5.5 Commuting tuple of nilpotent maps 

Let y be a vector bundle over P^. Let (TVi, . . . , A'^„) be a commuting tuple of nilpotent morphisms V — > 
V(g)Ori{2). 

Proposition 2.3 Assume the following: 

1. The weight filtration W(n) of N{n) is a mixed twistor. 

2. N(j) : {V, W{ri)) — > {V, W(n)) ® 0(2) (1 < j < n) gives a morphism of mixed twistor structure. 

3. {Ni I ;^, . . . , N,^_i I X, A'n I a) is sequentially compatible at any point \ . 
4- i^i I A, ■ • ■ , N„-i I a) is strongly sequentially compatible at any point A G P^. 

Then (Ni \ x, . . . , N„-i \ x, Nn \ \) is strongly sequentially compatible at any A G P"*" . 

Proof First we note that we have W^'^\f)a+i Ci Gri^^ = W{N^^\i))i (1 Gri^\ by the assumption |. By the 
assumption ^, Pnh induces the following isomorphism for any h G Z"~^: 

n — 1 n — 1 

Pn^ : Ker{Nilf^+') n f] W{j)u^ — . Pn.Gr^^l n {~\ W'^'\j_)u, (8) 

Due to the conditions ^ and ^, the filtrations W{ri) and VF^^-'(n) induces the mixed twistor structures on 
the both sides of (^ . Due to the condition ^ The morphism Pnh preserves the mixed twistor structures. 
Thus we can conclude that the morphism P-kh gives an isomorphism of the filtered vector bundles over P^ . 
It implies that (A^i | a, . . . , A'^n-i | a, A^n 1 a) is strongly sequentially compatible at any A G P^. I 

3 Preliminary for harmonic bundles 

3.1 Harmonic bundles and deformed holomorphic bundles 
3.1.1 harmonic bundles 

Let X be a complex manifold. Let {E,dE) be a holomorphic bundle. Here E denotes a C°°-vector bundle 
and ds denotes an operator Be ■ G°°{X, E) — > C°°(X, E ® fi^f^). such that (BeY = and that dE{fv) = 
d{f) ■ V + f-dE{v) for any / G C°°(X) and v G C°°{X,E). Let h he & hermitian metric of E. We 
denote the inner product of h by (•, We often omit h if there is no confusion. For a holomorphic 
vector bundle (EjOe) with a hermitian metric, we obtain Oe '■ C°°{X,E) — > G°°{X,E ® fl^'") satisfying 
d{f,g)h = {dE{f), g)h + {f,d{g))h- We denote the curvature ofthe unitary connection 9_b+9_b by _R(9_b+9_b). 

Let e be a section of C°°{X,End{E) (g) r2^'°). It is called a (holomorphic) Higgs field 'ddEO = and 
AO = 0. The tuple {E, Be, h) is called a Higgs bundle. 

We have the adjoint of 9 with respect to h, which we denote by 9^ , namely {9-f,g)h ~ {f,9^-g)h. Then 

is an element of C°°(X, End{E) ® 0,°''^) satisfying ^(61^) = and 9'' A 9'' = 0. 

From a Higgs bundle {E,dE,9) with a hermitian metric h, we obtain the following connection: 

■.= dE+dE + 9 + 9'' : G°°iX,E) — > C°° {X, E (g) n]^). 
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Definition 3.1 A tuple (E, ds, h, 9) is called a harmonic bundle, ifn^ is flat, namely D'^ o D"*^ = 0. I 

Remark 3.1 Probably, such object should be called a pluriharmonic bundle. But we use 'harmonic bundle' 
for simplicity. I 

The condition o = is equivalent to tlie following: 

(Oe + e'' f = [Be + of = R{dE + 9b) + 6» A 6»t + 6»''' a e = 0. 
Lemma 3.1 (Simpson, [|35| ) Let {E,dE,h,6) be a harmonic bundle. Then we have 



Proof We know that d% = 9^ = {ds + Of = 0. It implies that ^(61) = 0. Similarly we obtain the equality 

dE{e'^) = o. I 

3.1.2 The deformed holomorphic bundle 

Let {E,dE,h,9) be a harmonic bundle over X. We denote Ca x X hy X. We denote the projection 
CxxX — > X by PA. We have the C°°-bundle pl^{E) over X. We have the operator d" : {X , p-'^ {E)) — > 

c^ix,p',\E)(g)n"/). 

d" := dE + \-9^ + dx. 



Lemma 3.2 (Simpson, [jSSj) The operator d" gtves a holomorphic structure of p^^{E). 

Proof We only have to see that d" o d" = 0, which follows from dE{9^) =0. I 
The holomorphic bundle {p^^{E),d") is denoted by £, which we call the deformed holomorphic bundle. 
We have the pull back of the hermitian metric h. The metric connection is given by the following: 

dx + dE + dE + \-9'' -\-9. 

The curvature of the metric is as follows: 

-dX ■ 9 + dX ■ 9'' + R{dE + Be) - \\\^[0,e^]. (9) 

We put as follows: 

X^ ~ {A} X X, A'" ~ Cl X X. 
The restrictions {£,d")^x^ and {£,d")^x» are denoted by {£^,d"^) and (f'.d""). 

3.1.3 The A-connection 

Let {E, Oe) be a holomorphic bundle. Let A be a complex number. In general, an operator : C°° {X, E) — > 
C°°{X,E®Q}) is called a A-connection if the following holds for any / G C°°{X) and v £ C°°{X,E): 

V\f ■ v) = {Xd{f)+dif)) • « + / • V^(^;). 

It is called holomorphic if the (0, l)-part is same as Oe. It is called flat if o = 0. 

It is easy to see that a flat holomorphic 0-connection is equivalent to a pair of holomorphic structure and 
a holomorphic Higgs field. And a flat holomorphic 1-connection is equivalent to an ordinary holomorphic 
flat connection. 

Let {E, Oe, 9, h) be a harmonic bundle over X. Then we have the operator : C°°{X,E) — > C°°{X,E(g) 
defined as follows: 

V)"- = dE + 9 + X{dE + 9''). 

Recall that we have the holomorphic bundle £^ on X^ , whose holomorphic structure is given by Oe + X9^ . 
Lemma 3.3 The operator D"^ is a flat holomorphic X-connection of £'^ . 

Proof It is clear from the definition that gives a holomorphic A-connection of f^. We have the following 
equality: 

D^oD^ = (dE + X-9^f + {XdE + 9f + X- [R{dE + dE) + [9,e'^]^. 

bmce we have 9(61) = 9^(611") = 0, we can obtain the desired flatness. I 
The is called the A-connection associated with the harmonic bundle {E,dE,9, h). We have the 
operator D : C°°{X,£) — > C°°{X,£(g, pl^x) defined hy]Di = dE+e + A(& + 9^). The operator D is also 
called the A-connection associated with {E,dE,9,h). 
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Note that D and d\ arc commutative. Thus I}(v) is holomorphic if v is holomorphic section of £. Let v 
be a holomorphic frame of £ on an open subset U oi X. Then the A-connection form A = (Aij) is defined 
by the following relation: 

i 

Obviously Aij are holomorphic sections of pXQx°, i.e., A is an element of T{U, M{r) (8>p^^f2^°), where r is 
a rank of E. We describe as Dw = v ■ A. 

3.1.4 The associated flat connections 

For any A 0, we have the holomorphic flat connection of X^: 

n^'f ■.= dE + \-e^ + dE + x~^o. 

Again the flatness follows from the equalities dsid) = dsid^) = 0. 

We have the operator D-'' := dE + dE + A6»t + X'^O : C'^{X^,£*) — > G°°{X\£'^ ® PaJ^x)- We call it the 
associated family of the flat connections. 

Let V he & holomorphic frame of £'^ on some open subset U oi X'^. Then we obtain the holomorphic 
section A^' = {A{^) of V{U,M{r) ® plO}^^) defined as follows: 

l]i^'vj =Y^Aij-Vi, i.e., 'Ofv = vA^. 
Lemma 3.4 We have the relation A^ = ■ A. 

Proof The (0, l)-parts of B)-^ and D are same, we have the following relation between the (1, 0)-parts of B)-^ 
and D: 

=dE + x-^e = A-'(A ■dE + e) = X-' ■ . 

Thus we are done. I 

3.1.5 Conjugate 

We denote the conjugate of X by X^. Namely denotes the complex manifold whose underlying C°°- 
manifold is same as X and whose holomorphic structure is given by d. If {E,dE) is a holomorphic bundle 
over X, then {E, Oe) is a holomorphic bundle over XK lie is a holomorphic Higgs field of {E^Oe) over X, 
then 6^ is a holomorphic Higgs field of {E, Be) over 

Let {E,dE,d,h) be a harmonic bundle over X. Then the conjugate {E,dE,h,6^) is a harmonic bundle 
over XK We put X^ := x XK We denote the projection X'^ — > X^ by pj^. From a harmonic 
bundle {E,dE,h,9^) over xK we obtain the deformed holomorphic bundle {£^,d"^) over X^. Under the 
identification of X and X^ , the underlying C°°-bundle of £^ is pji*{E), and the holomorphic structure d"^ 
is given by the operator Oe + ^J, ■ + d^. 

We put A-t" = {^} X Xl and A-t" = x X. The restrictions of {£\d"^) to X^ ^' and X^^ are denoted 
by (ft^,^"'') and (fl^ », d""). The operator d"*^ is same asdE + l^-d. 

We have the associated /i-connections, which we denote by D^'^. Namely we have the following operator: 

:= dE + 0^ + fJ- ■ (Be + 0):C'^(X^ '',£'"') — > C°° (^-t ft (g) n^t m )• 
We have the following operator, which we also call the /it-connection: 

Dt ■.= dE+0^ +li-(dE + 0):C^{X\£'') ^c°°(A't,£:t®pt*n^t)- 
For any /i 7^ 0, The associated fiat connections are given as follows: 

DtM/ — a^ + ^.5i + aB+M"'6'^ : C°°(A't'',£:t'^) C°°(A't^, (g) fij^t 
We have the family of the flat connections: 

D^^ ■.= dE + li-0 + dE+li~^0^ ■■ C°°(A't'',fttt) _^ C°°{X''\£'^* ®pl*n^x^). 

The following lemma is clear from the definition. 

Lemma 3.5 If X = fj,'^ , then we have Dt"-^ = D^-'' as the operator C'^{X,E) — > C°°{X,E igi fi^c)- 
Namely they give the same flat connection. I 
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We have the morphism C>, — > by the correspondence /i — . It induces the C°°-morphism 
JItx ■ — > X^K Ahhough JItx is not holomorphic, it is holomorphic in the direction of CJ. The following 
lemma can be shown directly from the definitions. 

Lemma 3.6 Under the identification of A"" and " hy the morphism Jjtx above, we have the relation 



3.1.6 Another relation between S and 

Let {E,dE,h) be a holomorphic vector bundle with a hermitian metric. In general, a hermitian metric 

h induces an anti-linear morphism i/; of _B to the dual _B^. The morphism tp gives an anti-holomorphic 

isomorphism of E and E'^ . 

Let V = {vi, . . . ,v„) be a holomorphic frame of E. We have the dual frame i;^ of -B^. Then we put 
= Namely we put as follows: we have the matrix (bij) = H{h, v) , and frame = . . . , vt) 

defined by the relation vj := ^ bij ■ Vi, that is, = v ■ H(h, v) . Then t)^ is an anti-holomorphic frame 

of _E, in other words, is a holomorphic frame of {E,dE) over X^. 

Let {E,dE,0,h) be a harmonic bundle over X. Then we have the deformed holomorphic bundle £^ 
over A""^, whose holomorphic structure is given by + A • O'^ . The anti-holomorphic structure is given by 
Be ^ \ ■ 6. Thus gives a holomorphic frame of £^ over 

_Yt(-A), The following lemma can be checked 

by a direct calculation. 

Lemma 3.7 When we have the relation n^v = v ■ A, then we have the relation W '^^'d^ = ■ *A. 
Proof It follows from the following equality: 

(D\„«])^ = {{x-dE + e)v,,vl)^ = {v.,{-\dE + e^Wj)^ = {v.,i$^'-'^v,)^. 

I 

We denote the metric connection of (£,d" ,h) by d" -f d' . Then we have the holomorphic vector bundle 
{£,d') over x XK We have a holomorphic map F : — > defined by A = —jj,. Then we have the 
naturally defined holomorphic map F : X'' — x X^ — > x X'' . 

Lemma 3.8 The holomorphic bundle F^^{£,d') is same as {£\d"^). We also have F^^H) — D^. 

Proof It can be checked by direct calculations. I 
Let u be a (not-necessarily holomorphic) frame of £. Then can naturally be regarded as a frame of 

£^ in the sense of Lemma 3.8, 

The following lemmas can be checked by direct calculations. 

Lemma 3.9 Let Vi (i = 1,2) be frames of £ related by the matrices B, that is, vi = V2 ■ B. Then we have 
the relation 

v\=vI-F*CB''). 

Here F denotes the above morphism x X^ — > x given by \ — —fi. I 

Lemma 3.10 Let v be a holomorphic frame of £ and A be a X-connection form of Ji with respect to v. 
Then F*(^A) is the ^-connection form ofHK I 



3.1.7 Functoriality 

Let {E, Be, 0, h) be a harmonic bundle over X. We have a various kind of functorial construction. We recall 

some of them to fix our notation. 

(Dual) 

We denote the dual bundle of E by E^ . The metric h induces the naturally defined metric on E'^ , which we 
denote by /i^. The Higgs field 9 naturally induces the holomorphic section 9^ — —6 of End[E^) ® fi^" ~ 
End{E) (g) n]f . Then the tuple {E"" ,dE-^ ,h^) gives a harmonic bundle. 

Let (£,0) be a A-connection. We have the naturally induced A-connection D on f ^. Let / be a holomor- 
phic section of £^ and g be a holomorphic section of £. We denote the natural pairing by (•, •). We have 
the obvious A-connection D of Ox. Then is determined by the following relation: 

D(/,p) = (D\/,p) + (/,D^p). 

It is easy to see that the deformed holomorphic bundle with A-connection of {E'^ , Be"^ ,h^) is naturally 
isomorphic to (£^,D^). 



29 



Similarly the conjugate deformed holomorphic bundle with /i-connection of {E^ , Oe^ , 0^ ,h^) is naturally 

isomorphic to the dual of (f ^,D^). 

(Tensor product) 

Let {Ei,dEi,Oi,hi) {i = 1,2) are harmonic bundles over X. We have the tensor product Ei ig) E2. We 

have the naturally defined metric h ~ hi ® h2 and the Higgs field 6 ~ 9i ® jd^j + ids-^ ® 62- Here ids 
denotes the identity of E. The tuple {Ei (8) E2,9,h) gives a harmonic bundle over X. It is denoted by 

{Ei,ei,hi)^,{E2,e2,h2). 

It is clear that the deformed holomorphic bundle with A-connection of (E\,9i, hi)®{E2, 02, /12) is naturally 
isomorphic to the tensor product (f 1, Di) ® {£2, ID2). Here (fi, Di) denotes the deformed holomorphic bundle 
of {Ei, 6i, hi). We have a similar relation for the conjugate deformed holomorphic bundles with /it-connections. 

(A direct summand) 

Assume that {Ei,9i,hi) © (-E2, fc, /12) be harmonic bundles over X. Then it is easy to see that the direct 
summands {Ei, 9i, hi) arc also harmonic bundles. We have the obvious relations for the deformed holomorphic 
bundles and the conjugate deformed holomorphic bundles. 

(The invariant part with respect to the group action) 

Let {E, Oe, 9, h) be a harmonic bundle over X. Let G be a finite group acting on the vector bundle E. We 
assume that the action of G on X is trivial, and preserves 9 and the metric. We have the decomposition 
of E by the irreducible representations of G. The direct summands are naturally harmonic bundles. Such 
decomposition is compatible with the construction of the deformed holomorphic bundles and the conjugate 
deformed holomorphic bundles. 

(The symmetric products and the exterior products) 

We have the symmetric product and the exterior products of the harmonic bundle {E,dE,9,h). They are 
characterized as the direct summands of the tensor products. 

We denote the symmetric product by Sym'^ {E,dE, 9, h) = (Sym' , r^"" ^h^""^ '). The deformed holo- 
morphic bundle is denoted by (Sym' £,3'""^^ h'''"^ '). 

We denote the exterior product by a' (-E^, 9b, ^, ft) = {/\'{E),9^'' ,h^''). The deformed holomorphic bundle 
is denoted by (A'f ,D^',ft^')- 

(Determinant) 

As a special case of the exterior product, we have the determinant line bundle det(i?). The metric h 
naturally induces the metric of det{E), which we denote by det(/i). We have the natural isomorphism 
End{det{E),det{E)) ~ Ox, and the trace morphism tr : End{E,E) — > Ox- The Higgs field 9 naturally 
induces the Higgs field tr(6') G r{X,Q.^''^). The tuple (det(_E), 9dot{E) , tr(6), det(/i)) gives a harmonic bundle. 
The deformed holomorphic bundle is denoted by (det(f ), tr(D), det(/i)). 

(Hom) 

Let {Ei, 9i, hi) {i = 1, 2) be harmonic bundles. Then we have {Hom{Ei,E2), 9^+92, hX®h2) ~ {E^,9X, hX)® 
{E2, 9i, /i2). We have the obvious relations for the deformed holomorphic bundles with A-connections. 

(Pull back) 

Let / : Y — > X be a morphism of complex manifolds. Let {E, dE,9, h) be a harmonic bundle over X. Then 
we have the pull back {f* E, f*9, f*h), which gives a harmonic bundle over Y. The deformed holomorphic 
bundle with A-connection of f*{E,9,h) is naturally isomorphic to the pull back of {£,0). 

3.2 Model bundles 

In this subsection, we recall some examples of harmonic bundles over the punctured disc A*. 



3.2.1 line bundles L{a) 

We put L = Oa* • e. For any real number a € R, we put ha{e, e) = \z\'^''. Then ha gives a hermitian metric 
of L. The anti-holomorphic structure Ol is determined by 

dL{e) = e • a—. 

z 

Then Ol + gives a flat connection of L. 
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We have the trivial Higgs field 9 = oi L, and the conjugate 6^ = 0. Then the tuple L{a) — [L,ha,0) 
gives a harmonic bundle. 

Let see the deformed holomorphic bundle (£(a),D) over x A*. The holomorphic structure d" is 
Ql + d\. Thus the natural C°°-frame p^^(e) is holomorphic. The A-connection D is 9l + A • Ol- Thus we 
have the following relation: 

D(e) = e- (Aa^). 
The associated family of the flat connections is as follows: 

The parabolic structure and the eigenvalue of the residue 

We have the natural prolongment of C[a) over x A* to the holomorphic line bundle C{a)a over Ca x A 
by using the frame v ab ove. Note that this prolongment is same as the prolongment by increasing order a 
(See the subsection |4.l| ). In fact, the norm \v\ is The A-connection D is of log type on C{a)a- Namely, 
for a holomorphic section / of C{a)a, D(/) is a holomorphic section of C{a)a ®p'^^^^'^i\og{0)). The residue 
of Dis A-aG r(CA,£;nd(£(a)„|c,xo)) ^T{Cx,0). 

We have the conjugate (/I(a)^,D^). The holomorphic structure is given by Ol + d^. The section = 
l^l"^" • e gives a holomorphic frame. The ^-connection is = 9_l -I- ^ • Ol, and we have the relation: 

]D)tet=et-M-(-«)Y- 
The associated family of the flat connections are as follows: 

Dt-V=et.(-a)^. 

3.2.2 line bundles L{a) 

We put L = O ■ e and /io(e, e) = 1- Then we have dL{e) = 0. For any complex number a G C, we have the 
Higgs field 9 = a ■ dz/ z. The conjugate &Ms a • dz/z. We have the following relations: 

R{dL + 9l) = 0, 9 A9^ +9'^ A9^ \a\^ {dz ■ dz + dz ■ dz) = 0. 

Thus L{a) = (L, ho, 9) is a harmonic bundle. 

We have the deformed holomorphic bundle (£(a), D). The holomorphic structure is given by the operator 
d" = 9l + Aa • dz/z -\- d\. Thus we have the relation: 

d"(e) — e ■ (Aq)^. 

We put V = exp(— Aalog \z\^) ■ e. Then v gives a holomorphic frame of C{a). We have the equality: 

h(v, v) — exp^— (Aa + \a) log — \z\~'^^''^^°'K 
The A-connection D is as follows: 

A(-Aa) + aj ■ =v - {-X^a + a) — . 

The associated family of the fiat connection is as follows: 

dz 

n^v = V ■ (-Aq + A^^Qf) — . 
The parabolic structure and the eigenvalues of the residues 

Let fix a A G Ca- We have the natural prolongment of over A* to the line bundle ^{a)'^2Re(\a) by 

using the holomorphic v above. Note that the prolongment is same as the prolongment by the increasing 
order — 2_Re(Aa). In fact, the norm is . The A-connection D is of log type on the C{a)_2iie(\a)- 

The residue is (— A^a + a) G End{£,{a) _2Re(\a) \ (a,o)) — C. 
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3.2.3 line bundles £(a, a) 

As is already seen, wc have the harmonic bundles C{a) and C[a) for a G R and a G C. The tensor product 
C{a,a) := C{a) ® C{a) is also a harmonic bundle. It is a tuple {L,ha,a-dz/z). We denote the deformed 
holomorphic bundle by C{a,a). We have the natural frame v = exp ( — Aalog |z|^) • e of C{a,a). We have 
the following: 

ha{v, v) = |^|2(a-2«e(A«))^ D(^) = ^ . ( _ + a + Att) ^ , W{v)=v{-\a + \-^a + a)^. 

Let fix a A. We have the prolongment of C{a,a)^ over A* to the line bundle {^{(^lO?)^) a,-2Re(\a) '^^^^ 
This is same as the prolongment by the increasing order a — 2Re{\a). The A-connection D"^ is of log type. 
The residue is — A^q + a + Aa. 



Lemma 3.11 Let take an arbitrary pair {A, B) G R x C. Let fix a A. We can take a pair (a, a) G R x C 

e(Aa) 



such that the parabolic structure of C{a, a)^_2iigfxa) ^'"'d, that the residue o/D^ is same as B. In fact, 



we only have to put as follows: 



_ A + 2Re{\- B) _B-\-A 



l + |Aj2 ' 1 + |A| 



Proof We only have to check that A = a — 2Re{\a) and B = —\^a + a + Aa. It can be checked by a direct 
calculation. I 

3.2.4 Mod{l,a,C) 

We put Vi = C • ei ® C • e-i. We have the nilpotent map N2 defined by A^2(ei) = e-i and A^2(e-i) = 0. 
We have the holomorphic vector bundle E2 := V2 iS) Ca*, which have the natural frame e = (ei,e_i). We 
have the Higgs field O2 = N2 ■ dz/z. We have the following relation: 



^2(61, e_i) = (e_i,0) = (ei,e_i) 
We put y = — log \z\^ . We take a metric h2 as follows: 



Q \ dz 

1 



h2{e-i,e-i) = y \ /i2(e-i, ei) = 0, /i2(ei, ei) = y. 
The conjugate 9l of 62 with respect to the metric /12 is as follows: 

6lJ(ei,e_i) = (ei,e_i) ^ ^ 



J z-y'^ 

Lemma 3.12 A tuple Mod{2) — {E2, dE2j ^2,02) gives a harmonic bundle. 

Proof We denote the hermitian matrix H{h2,e) by H. The matrix H and and the connection form H~^dH 
is as follows: 



z ■ y 



The curvature R{dE2 + ds^^) = d{H-^dH) is as follows: 



d{H-^dH) = ( J \ dz-dz 



2/2 . \z\ 



On the other hand, we have the following: 



\ / -1 \A dz-d-z 



Thus we obtain the equality R{dE2 + ^Bj) + [^'2, Ol] = 0. The other relations SbjC^z) = and 9^2(^2) 
trivial in this case, because we have n^'i = n°^l =0. I 
Thus we obtain the harmonic bundle Mod{2). Note that we have the natural frame e = (ei,e_i). 
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On the vector space 0* ^ V2 {I > 1), we have the nilpotent map 

Af( := ^ 1 ® • • • ® 1 <S)N2 (g) 1 (g) • • ■ (g) 1. 
0=0 

We have the action of {I — l)-th symmetric group S;_i on the {I — l)-th tensor product defined by 

the transposition of the components. The l-dimcnsional vector space Vi := Sym'~^(V2) is characterized as 
the invariant part of the action. Since the nilpotent map Ni commutes with the action of the map Ni 

preserves the subspace V;. We denote the restriction of Ni to Vi also by Ni. 

We have the harmonic bundle {Ef^''^^\9i,hi), where we put 0i = Nidz/z and hi = (^'"'^/ig- We have 
the natural inclusion := Vj (g) O C Ef which is the invariant part of the 6i_i-action. The action of 
©(-1 preserves d„^n-i), Oi and hi. Thus the action preserves and 6}. Hence d„^(i-i), 61 and Oj 

preserves the subbundle Ei. The adjoint of Oi\ei with respect to the metric is same as the restriction 

O^Iei ■ We denote the restrictions of 61, 9\ and hi to Ei by the same notation. Prom the consideration above, 
it is easy to see the following. 

Lemma 3.13 The tuple Mod{l) = {Ei,6i,hi) is a harmonic bundle. I 

Thus we obtain the harmonic bundle Mod{l). Note that we have the characterization of Mod{l) as the 
(S;_i-fixed part of Mod{2)® Note also that we have the natural frame e = {eP''' \ p -\- q = I — 1) defined 

as follows: 

Here the product is the symmetric product. Clearly e is an orthogonal holomorphic frame of Ei. 

Let take a positive number a > and a complex number C € C such that \C\ < 1. Then the following 
is easy. 

Lemma 3.14 The tuple Mod{l,a,C) = {Ei,9i,a ■ hi{C • z)) gives a harmonic bundle for any a > and 

< |C| < 1. 

Proof We have no contribution of the positive constant a to the condition for the harmonic bundles. For 
any C such that < |C| < 1, we have the morphism fc : A* — > A* defined by z 1 — > C ■ z. Then we have 
the isomorphism between Mod{l,a,C) and fc Mod{l,a, 1) by using the natural frame e. Thus Mod{l,a,C) 
is also harmonic. I 
We have the prolongment of Ei over A* to (-Ei)o over A, by using the frame e. Note that it is same as 
the prolongment by the increasing order 0. The 61 is of log type. The residue ((-Bi)o | O; Res(6';)) is naturally 
isomorphic to {Vi,Ni). 

Let F be a finite dimensional vector bundle, and AT be a nilpotent map on V. We can take an isomorphism 
{V, N) ~ ®i{Vi^,Ni.). Thus we have the following: 

Lemma 3.15 For any pair {V,N) as above, we have a harmonic bundle 0^ Mod(/i, Oj, Cj) such that the 
residue is isomorphic to {V,N). I 

Notation 

Although we do not have a canonical choice of such harmonic bundle, we often denote such harmonic bundle 
by E{V, N) for simpUcity. 



3.2.5 The deformed holomorphic bundle of Mod{2, a, C) 

First we see the deformed holomorphic bundle M.od{2,a,C) of Mod{2,a,C). We put y = — log|2|^ and 
c = — log |C|^ > 0. We have the natural C°°-section p^^Ci {i = 1,-1) of Mod{2, a, G). For simplicity, we 
denote Px^Ci by e,. We put as follows: 

1,0 0,1 

u ' = ei, V ' = 6-1 • ei. 

y + c 

Then it can be directly checked that w^'*' and u'''^ are holomorphic. Thus v = (v^'", u"'^) gives a holomorphic 
frame of Mod{2, o, C). The A-connection D is as follows: 

nr 1,0 o,1n / 0,1 j / ri\ f 1,0 o,i\ I Q Q \ dz . _ ( Q \ dz 

D(w ' ,t; ' ) = (w ' • dz/z,Q) = («',«■)•( o j T' = ' \ i o j T' 
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The associated family of the flat connections is as follows: 

\ dz 

z 



])-fv = V 



To see the conjugate j\4od(2,a,C)\ the frame v'' — (u^ w^'"'^) is given by the following formula: 

= V ■ H{h2, v) 

Then gives a holomorphic frame of Mod{2, a, C)\ and we have the following relation: 
We take a C°°-frame v' = (v'^'° ,v'°'^) given as follows: 

11,0 -1/2 1,0 10,1 1/2 0,1 

V = y ■ V , V = y ■ V . 
Let consider the transformation matrices Bo and Bg defined as follows: 

V = e- Bo = v{0) ■ Bo, v' = v' (0) ■ B'q. 

Here ■i;(0) denotes p^^{v\x=o) precisely. Similar to v'{0). Clearly Bo and B'q are elements of the space 
C°°(Ca X A*,M(r)). In fact, they are given as follows: 

^o(A, .) = ( J ) , Bux, z) = [l -^■y(y+'^ry (10) 

Lemma 3.16 Let Bo and Bq be as above. 

1. Let Ri and R2 be real numbers satisfying < Ri and < R2 < 1- The function Bo{X,z) is bounded 
over Ax{Ri) x A*(Ji2). The boundedness is independent of C with \C\ < 1. 

2. Let Ri be a real number satisfying Ri > 0. The function B'o{\,z) is bounded over Ax{Ri) x A*. The 
boundedness is independent of C with \C\ < 1. 

In particular, the C°° -frame v' is adapted on the region. 

Proof The boundedness of the Bo and B'q are clear. It is easy to directly see that w'(0) is adapted. Then 
the adaptedness of v' follows from the boundedness of Bq. I 
For the conjugate, the C°°-frame v'^ = (1)'^'^'",?;'^'°'^) is given as follows: 

'+,1,0 1/2 +1,0 '+,0,1 -1/2 +0,1 

V ' = y ' V , V = y V . 

Then we obtain the transformation matrices B^ and B'q^ satisfying = v^{0) • B^ and v'^ = v'^{0)B'^ . 
The formula of B^ and B'^ are given as follows: 

^'^^^'-^^-{-,.iy\e)- ?)' ^'('^'^") = (-M-.-(Uc)- ^''^ 
3.2.6 The deformed holomorphic bundle of Mod{l + 1, a, C) 

We describe the deformed holomorphic bundle M.od{l + l,a,C) of Mod{l + l,a, C). We remark that the 
bundle A4od{l+l,a, C) is the ©(-invariant part of 0' M.od{2, a, C). Thus the following holomorphic sections 
V = (u^'^ I P + 9 = of 0' Mod{2, a, C) gives a holomorphic frame of Mod{l + 1, o, C): 

Here the product is the symmetric product. The A-connection D is described as follows: 

D(t;f'«) =p.„f-l'«+l^. (12) 



By using the trivialization v, the Mod[l + l,a,C) is prolonged to the holomorphic vector bundle over 
Ca X A. It is same as the prolongment by the increasing order 0. Thus the prolongment is denoted by 
Mod{l + 1,0,(7)0. 

The A-connection D is of log type on M.od{l + 1, o, C)o- Thus we obtain the residue: 
Res(D) er(cA X {0},End{Mod{l + l,a,C)o\Cxx{0}))- 
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Lemma 3.17 The conjugacy class o/Res(D) of the model bundle is independent of X. 

Proof Clear from the equation (p^). I 

Corollary 3.1 Let V be a finite dimensional vector space and N be a nilpotent map on V. Let E{V,N) 
be a harmonic bundle whose residue of the Higgs field is isomorphic to {y,N). Then the residue of the 
X-connection is also isomorphic to (y,N). I 

We have the C°°-frame v' ^ {v' P''^ \ p + q = I) of Mod{l + 1, a, C), defined as follows: 

We have the transformation matrices Bq — (Bo.i.p) and Bg = (-Bo,i,p) satisfying the equalities, v = v{0) ■ Bq 
and v' = v'{0) ■ Bq, or more precisely: 

v^'^-^iX, z)^Y. ^o.-f ■ "^''"'(0' ^) = E ^o,.,p(A, z) ■ v'''''-\0, z). 

i i 

They are elements of C°°{Cx x A*,M(r)). 
Lemma 3.18 We have the following equalities: 



Bo,^A^,z)-{ ^i„j,^_^_^^_i+p^ |. (13) 



Here c{l,p) denotes the constant given as the coefficient of in the polynomial (1 + xY . 
Similarly we have the following: 

/„ N-l/, ^ _ / 0, (*<p) f-,.-. 

[Bo)^^(X,z)-^ ^(^l^p^i_py y~P .^y + ^y^+P^ 

As a result, the matrices Bq and Bg^ are bounded on the region A\{Ri) x Al{R2) for any < Ri and 
< R2 < 1- The boundedness is independent of the parameter C > 0. 

Proof We put 7 — —A ■ {y + c)~^. Then we have the following equalities: 

vP''-P{X, z) = el- + 7 ■ e.iz))'-' = Y^el-c{l- p,j) ■ eU{z) ■ e'f""' (z) ■ V'"-^' 

j=o 

i-p I 
= E -P, j -P)7'~'' • eliz) ■ e-i{z) = ^c{l - p,i - p) ■ 7'"'' • «'''"'(0, z) (15) 

z— p z— p 

Thus we are done. I 
We have the following immediate corollary. 

Corollary 3.2 We have the following equalities: 

B' (X 7) = f °' {i<P), 
^O.z.plA,zj I ^(;„p^,_p).y-P.(_j^_c)-.+P.y«-P_ (,>p). 

We also have the following equalities: 

(\ = I °' (j <p)> 

^^'^> \ cil~p,i^p)-y-'^-iy + c)-'+'^-y^-P, {i>p). 



'0 



In particular, B'q{X,z) and their inverses are bounded on the region Aa(-Ri) x A* for any < -Ri. The 
boundedness is independent of the parameter C > 0. 

Proof The formula is obtained from (|l^. The boundedness follows from the boundedness of y^^{y + c). I 
Corollary 3.3 

1. We put Hi := H{hi,v). Then Hi{X,z) and Hi{0,z) are mutually bounded over Ax{Ri) x A*(_R2) for 
any < Ri and < R2 < 1. 

2. The C°° -frame v' is adapted over A\{Ri) x A* for any Ri > 0. 
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Proof The first claim follows from the boundedness of Bo and Bq^ . The adaptedness of ?;'(0) is easy to 
see. Thus the adaptedness of v' is obtained from the boundedness of Bq. 

Otherwise, it is also easy to see that the adaptedness of v' follows from the adaptedness of v' in the case 
1 = 2. I 

Corollary 3.4 When \z\ 0, B'o{\,z) converge to Bq : 

In particular, we have {B^) = {Bq = 1 for any < p < I. We also have (-Bq'); q ~ (~^y ' ^' "^'^'^ 



Proof This is a direct corollary of Corollary 3.2 I 
It will be convenient to replace the adaptedness for v' in Corollary with the adaptedness for some 
more flexible frame. We have the residues Res(B), which is a holomorphic section of End[Mod{l + 1, a, C)o) 
on C\ X {O}. Since the conjugacy classes are independent of A, the nilpotent maps Res(D)|(;^ induces 
the weight filtration W of Mod{l + 1, a, C)\cxy.o by vector subbundles. Let take a holomorphic frame w of 
Mod[l + l,a,C)o, which is compatible with the filtration W on Ca x {O}. We put as follows: 

K'^i) ~ ^deg'^(mi). 

We have the C°°-frame w' = (w^, . . . , 'ii'j'+i) of Mod[l + 1, a, C) over A* defined as follows: 



3.3 



The following is an easy corollary of Corollary 
Corollary 3.5 Let w' be as above. Then w' is adapted over Ax{R) x X for any R> 0. 
Proof We only have to see that the transformation matrices of w' and v' and their inverses are bounded. 
The section Wi is described by v as follows: 

V 

Here Cp^i are holomorphic on Cx x A. Since both of w and v are compatible with the W , the following 
holds: 

If deg'^(M;,) < deg^K''-P), then Cp,,(A,0) = 0. 
We have the following relation: 

V 

Then the function Cp,i ■ is bounded over Ax{R) x X for any _R > 0. Similarly the inverse 

of the transformation matrices are bounded. I 

Similarly we can see the conjugate A1od(Z + 1, a, C). We have the holomorphic frame = (^v^ '''''' \p + q = 
I) , given as follows: 

The ^-connection is described as follows: 

Dt„t.P.<j ^g.„t.P+i.<j-i^ (16) 

The prolongment of Mod{l + l,a,C)^ by the frame is same as the prolongment by increasing order 0. 
We denote the prolongment by A4od{l + 1, a, C)q. The /i-connection is of log type on Mod{l + 1, a, C)q. 
The residue can be obtained from ([l2[). 

We have the C°°-frame v'^ = [f]''^''^ \ p -\- q = I) , given as follows: 

l],p,q £^ 'f.v.q 

V ~ y ■ V . 

Then we have the transformation matrices Bq = {B^i q) and B'q^ = {Bq^ ^) defined as follows: 
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Remark 3.2 Note that the rules of the subscripts are slightly different in the cases bI,B'^ and Bo and B'q. 
Briefly speaking, the order is reversed. I 

We have the following formulas by the same calculation: 

ot ._/ {i<q) . 



And thus we have the following: 



B't - 

0,i,q ■- 



(i < q) 

c{l -q,i-q)- • y'-" ■ i-y - €)-'+" {i>q), 



and 



R't-i ._/ ii<q) 



The limit B^^ of B'^^ is as follows: 



{i<q) <:pt-i = / < 



3.2.7 Limit of Mod{l + 1, a, C) 

Let i/>„ denote the morphism A — > A defined by ^„{z) = z". Later we will consider a 'limit' of harmonic 
bundles ^p^^{E,dE,d,h) for a harmonic bundle {E,dE,d,h) on A*. Here we see what happens in the case 
of model bundles Mod{l, a, C) = (Ei, di,a ■ hi{C • z)). We can assume that C € R. Recall that we have the 
natural frame e := v\x=o of Mod{l,a,C), that is we put e^''^{z) := v^''^{0,z). 

Let F be a holomorphic vector bundle with a frame u = (w^''^ | p+q = l) over A*. We take a holomorphic 
isomorphism of tp~^{Ei) to F by the following correspondence: 

Then we obtain the Higgs fields 0'"' and the metrics /i;"^ on F for any n. 

We also have the natural frame e := v|a=o of Mod{l,a,C^^'^). By the frames e and u, we have the 
isomorphism of F and Ei. It induces the isomorphism of harmonic bundles {F, 6^"\ h^"^) and Mod{l, a, C^''"). 

We take G*"' € V{A\M{r) (g) 0^2) and i?^"' € C°°(A*,7Y(r)) defined as follows: 

Then it is easy to see that the sequences {G'"'} and {i?'"'} are convergent on any compact subset JsT C A*, as 
the elements of r (A*, M(r)(8)n^2) or C°°(A*,7^(r)). In fact, we have G*"* = Q and H^"\z) = a- H{C^^"-z). 
Here G and H are given as follows: 

eie = e-e, H = H{hi,e). 
Thus G'"' converges to G and i^'"-' converges to a ■ H. 

In the discussion above, we take a limit at A = 0. Clearly, we can take a limit at any A. Namely, 
we put w{z) := v{X,z) for a fixed A, and consider the frames ly'"^ = (ui'"^^'') defined by w^^^''''''' := 
„-(p-'7)/2y,-i(„P.9)^ Wc have the A-conncction form i/'-i(D^)io(") = w'^"'> ■ A^"\ Then {H{tp-^{hi),w^">)} 

and {^'"^l converges on any compact subset if C A* as the sequences in C°°(A*,7i(r)) and r(A*, M(r) (8) 



3.3 A convergence of a sequence of hctrmonic metrics 
3.3.1 A convergence at A = 1 

Let X be A*' X A''"', and {E^"\e^"\ h^"'>) be a harmonic bundles on X such that rank(i;("') = r. Recall 
that we have the deformed holomorphic bundles (fi("\d"i("\Di("\ft(")) on = {1} x X C X. In this 
subsection, the metric and the measure of X are Xir=i ' '^^i ^^'^ YYi=i ' d^i\- 

Assume that we have frames w'"-* = {w^\ . . . , Wr"') of £^ and the following holds: 
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Condition 3.1 

1. We have the connection forms yl^"' G T{X,M{r) (g) determined by = w^"'^A^"\ Then 
the sequence {A*-"'} converges to ^4^°°' G r{X, M{r) ® fi^") on any compact subset K C X. 

2. We put H^"'> ■- G C°°(X,H(r)). On anj/ compact subset K C X, anrf J/*"' are 
bounded independently of n. Namely we have a constant Ck depending on K such that |_ff'"^| < Ck 
and < Ck- 

3. On any compact subset K C X, the norms l^'"' |(i(i>) are bounded independently of n. 
The element 9^"' G C°°{X, M{r) » n^") is determined by the following relation: 

The following lemma is easy to see. 

Lemma 3.19 Under the condition 2, the condition 3 is equivalent to the following: On any compact subset 
K C X, |G'"'| are bounded independently of n. I 

Proposition 3.1 LetX, 6''"\ ft'"') and w^"^ be as above. Then we can take a subsequence {n;} of 

{n} such that the sequences {_H"^"''}, {//'■"•'~^} and are convergent on any compact subset K in 

the -sense. Here p is a sufficiently large real number, and I is an arbitrary large real number. 

Proof We will use the following lemma without mention. 
Lemma 3.20 Let K be a compact subset of X . 

1. Let {/n} be a hounded sequence tn L^{X) such that all of fn vanish on X — K . 

Assume that the sequence {9(/n)} are bounded in Lf{X). Then {f„} is bounded in Lf^-^{X). 
Similarly, when the sequence {9(/n)} is bounded in L^{X), then {fn} is bounded in L^^-^{X). 

2. Let {fn} be a sequence of Lf{X) satisfying that any fn vanish on X — K , and that fn converges to g 
inLliX). 

Assume that {dfn} converges to dg in Lf{X). Then {fn} converges to gn in Lf_^-^(X). 
Similarly when {dfn} converges to dg in Lf{X), then {fn} converges to gn in Lj'^j(X). 

Proof Let see the first claim. We only have to show the boundedness of {dfn} in Lf{X). Let D be a 
differential operator with constant coefficient whose degree is less than I. We have the following equality: 



idDfn,dDfn)= JiADfn,Dfn)= J (OD fn , OD fn) . 

Thus the Lf-boundedness of {dfn} implies that the Lf -boundedness of {dfn}. 



The second claim can be shown similarly. Thus the proof of Lemma 3.20 is completed. I 



Let us return to the proof of Proposition i.l. The elements G C°° (X, M(r) ® f^'ij^^ ) are determined 

by the following condition: 

/ifn)| (n) in)r^(n)-\ 



Then we have the following relations: 



Hence we also have the boundedness of the sequence {S'"' ^} on any compact subset K C X. 
Let V'"' be the unitary connection of (f^ d" ft'"'). Then we have the relation 

V<"' = 9b(„) + + a£,(„) - e'"' = '"^ - 2^'"' . 

We determine the element B^"'> G C°°(X, M(r) ® n]f) by the relation V^^'iu*"' = lo^"' • B^"^ Then we 
have the following equalities by definitions: 

^(n) ^ ^{n) _ 2e("), i.e., e*"' = - B*"'). (19) 

On the other hand, we have the following relation: 

^(n) ^ (ff("))-^a7y("), i.e., dH'-"^ = jyf") • B^"\ (20) 
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Let pick a compact subset K (Z X, and let pick compact subsets K\ and K2 of X such that K is contained 
in the interior of Ki, and that K\ is contained in the interior of K2- We can pick an element ip G C°°{X, R), 
satisfying the following: 

Let take a sufficiently large number p satisfying the following: 

Let I be any real number larger than 1. For any elements f,g G Lf(X), the product f ■ g is 
contained in Lf{X). 

Such p can be taken, depending only on dimX. 
We need some equalities. 

Lemma 3.21 We have the following equality: 

a(<^'"e<"') = • [e'"\ e^"'^] + m ■ • v^""' ■ e^"\ (21) 

Proof We have ^^C") (^'"'') = 0, in other words, {d"^^"^ - e**"' (e'"') = 0. (RecaU that we have d"^ = 
ds + 0\ by definition for a harmonic bundle, in general.) It is reworded as follows: 

The equality ( [2l| ) follows immediately. I 
Lemma 3.22 We have the following equality: 

a(<^- . ^ ^ . (a<p) . (^"-i . (") + ^™ . (^^(") _ 29'"') . (22) 

Proof The equality (H) follows from @ and the equality S'"' = A'"' - 2e<"\ I 
Lemma 3.23 For non-negative integers k and I, we have the following equality: 

. -1) ^ (fc + 21) ■ dip ■ • i/'"' -ff*"' • d{p ■ H) ■ (23) 

Proof We have the following direct calculation. We omit (n) for simplicity, and we put k = m 

dip^'H-^) ^m-d<p- ifi"^'^ ■ H'^ - ip"^ ■ H-^ ■ d{H) ■ H'^ 

= m-dif i^T'^ ■ H-^ - if'' ■ H-^ {d{ip ■ H) ~ dp' H^H-^ 

= {m + l)-dp- p^'^ ■ - • H-^d{p ■ H)H-\ (24) 

Thus we are done. I 
Lemma 3.24 We have the following lemma: 

/+'+™e(") t = (^"Tyf") . (<^' . *e'"') . {p"' ■ ;ff'"') . (25) 

Proof The equality follows immediately from (p^. I 

Let us return to the proof of Proposition 3.1. We use the standard boot strapping. We divide the 
argument into some lemmas. 

Lemma 3.25 

• The sequences {p ■ 9^"^} and {p^ ■ 9''"'"'} are hounded in I/f(X). 

• The sequences are bounded in L2{X). 

Proof It is clear that p-O'-"^ are bounded in L^iX) independently of n. Then 9(v3-9'">) = (^[9^"' ^ 9^"^] + 
dp ■ 9'"' are bounded independently of n. Thus p ■ Q^"^ are bounded in L^{X). 

It is easy to see that (yS-H^"^ are bounded in LP{X). Thus d{p-H'^"'>) = ^v?- J/<"' (^<"' - 29'"^) 

are bounded in (X). It implies that p ■ H^"^ are bounded in Lf (X). Then d{p'^ ■ J/'"') = 2dp ■ ff'"' + p ■ 
Ji"'"' • {p ■ A*"' - 2p ■ 9*"') are bounded in L?(X). Thus p"^ ■ H^"^ are bounded in i^(X). 
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It is easy to see that ip ■ h'-"^-'^ are bounded in LP{X). Then d{ip ■ J/"'"'"!) = dif ■ Jf^") "i - <p ■ 
. -1 are bounded in (X). Thus <^ • H'"' are bounded in We have 

■ h'-"'' -'') ^6- d<p- if"" ■ H-^ ~ [if ■ ■ d{i/ ■ i/'"') ■ ((^ • 

Thus d{(p-^H^"'> are bounded in L5'(X), and hence ip'^H^"^ are bounded in L^iX). 

Clearly, ■ 0+ = (^9 ■ h'-"'' • (v? ■ *e^"') ■ {ifi ■ H^"^) are bounded in L\{X). I 

Lemma 3.26 

• The sequences {ip* ■ 9*"'} and {(p^'^e'l' are bounded m L^{X). 

• The sequences {ip^ ■ J/'"'} and {^3^ ■ H^"' -^j are bounded m L^{X). 

Proof By using the formulas and the boundedness in Lemma 3.25, we obtain the boundedness of 
9(v5''e<"') in Hence we obtain the boundedness of ip'^Q'-"^ in L^{X). 



Similarly, by using the formulas (|22|), ( |23D and the boundedness in Lemma 3.25, we obtain the bounded- 
ness of diifi'^H'-"^) and d{ifi^* ■ H(")^in 

Lastly we obtain the boundedness of ip^'^ ■ t And thus we obtain the boundedness of 

(^24 .e(")t in I 

Let take a subsequence {rii} of {n} satisfying the following: 

• The sequences {ip'^ ■ 0'"'-'} and {<^^^ • O'"*' ^} are convergent in L\{X). The limit is denoted by a and 
d respectively. 

• The sequences {p^ ■ H^"'-^} and {v?^* ■ l/'"*' are convergent in L2iX). The limit is denoted by 6 
and c respectively. 

Such subsequence (rii) can be taken due to the Sobolev's embedding theorem. 

We take the sequences of natural numbers {a;}, {/?;}, {7;} and {Si} as follows: 

• ai = 4, /3i = 6, 71 = 14 and 5i = 24. 

• We have the relations: 

Qi = Qi_l + = /3i_i + Qi, 

7i = 27i_i + Pi, Si = ai + f3i + 7;. 
Such relations determines the sequence of the numbers uniquely. 
Lemma 3.27 

• The sequences {(p°'^ ■ 0'"''} and {ip^^ ■ Q("i't| g,j,g convergent m Lf{X). The limits are ip°''~^ ■ a and 
^i;-24^ respectively. 

• The sequences {<p^' ■ and {ip"" ■ are convergent in Lf^j^(X). The limits are <p'^'-^^ ■ b 
and (^^'"""^^ • c respectively. 

Proof We use the induction on I. The assertions for I — 1 hold because of our choice. We assume that the 
assertions for I — 1 hold, and we will prove the assertions for I. 
Due to the formula (|2l[), we have the following: 

Thus we obtain the convergence of a((y3"' -e*"'') inLf_i(X). Thus we obtain the convergence 
in Lf (X). 

We have the following: 

= (ai + • d{p) ■ i^^'+fi-i-i . + . (^"' . a'-"^'> - p"' ■ e'"'>) 

The convergence of the right hand side is in L^{X). Thus we obtain the convergence of {ip^^ ■ h'"''} in 
We have the following: 

g((^27,_i+/5,^(n,)-l-| ^2(7,_l+A)-9(p-(^^^'-l+'''-'- [p""~^ 

- (^^'-1 ■ -1 ■ ■ ■ ■ (26) 
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The convergence of the right hand side is in I/f(X), and thus the convergence of {(ys"^' •_ff'"'-' ^} is in Lf_^j^ (X). 
Lastly we have the following: 

<^"i+/3,+7, . e(n) t ^ ^^J, . JjM . . tQ(")) . (^/3, . Jjir.^)^ 

Thus the induction can proceed. I 

By our choice of ip, we have ifi = 1 on K. Thus we obtain the convergence of {S'"'-*}, {//^"'•'}, {ff'"*' 
and {et("')} on /C. By using a standard diagonal argument, we can take a sequence {rii} such that the 
sequences {6*"''}, {H'"'^, {H'"'^ and {et*"-)} converge on any compact subset K C X. Thus the 
proof of Proposition 3.1 is completed. I 

Let take a holomorphic bundle F — ® Ox ■ with the frame e = (e^). The frames w^"^ and e 
induce the holomorphic isomorphism "I>„ : ^, ly'"') — > {F,e). Then we obtain the sequence of the 

metrics {/i'"'}, (non-holomorphic) Higgs fields {6^"^}, the conjugates {0^"^ ^} and the holomorphic structures 
{d := dp — ^'"'^} on F. Let take the subsequence {n^} as in Proposition 3.1. Then the corresponding 
sequences converge, and thus we obtain the limits 9 °° on F. 

Definition 3.2 The tuple of limits {F,d^°°\o^°°\h^°°^) will be called the limiting harmonic bundle of the 
sequence {{E^"'\ 6^"\ h^"^ )} , although we do not have the uniqueness of the limit, in general. I 

Remark 3.3 In this sub sub section, we discussed the convergence at \ = 1. Clearly, the same argument 
works if Xj^O. The key equality is (p^). 



In the case A = 0, the conditions 1 and 2 in Condition 3.1 imply the condition 3. Hence the convergence 



of 9 is obtained from the definition. But we do not have the relation of the metric connection and 6 at X = 0. 
Thus the argument to treat the metric breaks. I 



3.3.2 The dependence on the holomorphic frames w 



in) 



Let be holomorphic frames of f '"'^ satisfying Condition 3.1. We take a holomorphic vector bundle 

F = 0[^i Ox ■ Si. The frames tii'"' and e induces the isomorphism : (f ^ , u;'^"') — > (F, e). Then we 

obtain the sequences {h'-"1}, and {d }. We take a subsequence {ui} of {n} such that the 

■ 

corresponding subsequences are convergent to h''°°\ 9^°°\ t and d respectively. We can assume that 
{hi} is a subsequence of {ui}. 

Lemma 3.28 We can take a subsequence {hi} such that the limiting harmonic bundles {F, d , 6^°"' , h^°^') 
IS isomorphic to (F,d^°°\e^°°\ h^"°'>) . 

Proof We have the sequence of holomorphic frames of F. Due to the condition ^ in Condition 

3.1 for lo'"' and w^"\ we can take a subsequence {rii.} of {rii} such that "I>„. . ^) converges to a 

holomorphic frame of F. We can assume that {rii- } is a subsequence of {hi}. We can replace {hi} by {ui.}, 
and thus we can assume that {$ii-{w^"'^)} are convergent. 

The frames ly'"' and w'-"^ induce the isomorphism G'"' of the harmonic bundles 9*"' , 6*'"' , ft'"') 

and {F, d , 6^"' , h^"'), by our construction. For the subsequence {hi} above, the sequence G^"^' converges 
to a holomorphic isomorphism G'°°'. Clearly, G'""' gives an isomorphism of limiting harmonic bundles 

(F,a^°°\e'°°',/i(°°') and I 



Lemma 



3.28 



is reworded as follows. 



3.1 



Then we 



Corollary 3.6 Let ty'"' and tu*-"' be two holomorphic frames o/f '"'^ satisfying Condition 
can take a subsequence {ui} of {n} such that we have the natural isomorphism between the limiting harmonic 
bundles for the frames w^"^ and w^"K I 

3.3.3 Convergence of a sequence of the frames of the deformed holomorphic bundles 

Let continue to use the notation in the previous subsubsection. From harmonic bundles {F,d^"\ ft'"', 6''"'), 
we obtain the deformed holomorphic bundles .7^'"' = (p^^^F, d" '"') over X. Note that jP"'"' ^ over 
is same as (F.dp) by our construction. Let take a subsequence {n^} as above. Since we have d"'"' = 



41 



a^"-* + A ■ 6»("' ^ + dx=dp + {X~l)- 6i("' + + 9a, and since the sequence of the Higgs fields {6i<"')_} and the 
metrics {/i'"''} are convergent, the sequence {d"^"'^} converges to = dp + (A - 1)6^'^^'' + dx- 

Let {/'"'} be a sequence of holomorphic sections of over X. Namely are elements of C°°( A-, p^^i^) 
satisfying d" = 0. Assume the following: 

• For any compact subset K C X, we have a constant Ck > such that < Ck for any 
n. 

This is equivalent to the following: 

• We have the C°°-functions /|"' determined by f'-"^ = ^ -p-^ei. For any compact subset K C X, 
we have a constant Ck > such that \fi"^\ < Ck- 

Lemma 3.29 Let f'^"^ be as above. We can take a subsequence {ui-} of {ui} such that the sequence {/'"'j'} 
is convergent to a holomorphic section of on any compact subset K in the -sense. Here p is a 

sufficiently large real number, and I is an arbitrary large real number. 



Proof We can use an argument similar to the proof of Proposition 3.1. I 



Let u'") = . . . be fi-ames of T'^"'^ over X. Assume that we have positive constants Ck,i and 

Ck,2 for any compact subset satisfying the following: 



Lemma 3.30 We have a subsequence {ui-} of {ui] such that the sequence {f } converges to a holomorph 
frame {v'^°°^} o/.7-"'°°' on any compact subset K in the -sense. 



,tc 



Proof By the boundedness of h''"\vl"\ v^"^ ) and Lemma 3.29, we have a subsequence {ui^} such that 

the sequence of sections {v^ ' } converges to a holomorphic section w'""' . We only have to show that 
— gives a holomorphic frame. 

On any compact subset K, we have the estimate h'^"'> {n{v^"'>),n{v'^"'>)) > Ck,2- Thus we obtain 

h^°°\n{v^°°^),n{v^°°^)) > Ck,2. Hence v^""' gives a frame. I 

Corollary 3.7 Let t)'"' be a holomorphic frame of J^^"'' satisfying the following: 

• For any compact subset K , the hermitian matrices H{h^ and the inverse u'"') are 

bounded independently of n. 

Then we can take a subsequence {nt-} of {ui} such that the sequence converges to a holomorphic 

frame of T^'^K I 

Let be a holomorphic frame of JT'"' . Then we have the transformation matrices S'"' G C°° {X, M{r)) 
determined by the relation = p^^e ■ Corollary 3.7 can be reworded as follows: 

Corollary 3.8 Let u'"' be a holomorphic frame of J^^"K Assume that the transformation matrices B^"^ 
and their inverses s'"'"-'^ are bounded independently of n, on any compact subset K. Then we can take a 
subsequence {ui-} of {ui} such that converges to a holomorphic frame of T'^'^K I 

3.3.4 Convergence at any A and /i 

We reword the result as follows: Let (ij'"', dp(n), /i'"' ,6''-"') be a sequence of harmonic bundles over X. We 
have the deformed holomorphic bundles (£:<"), d" D'"', ft'"') over X. Let U\ be an open subset of Ca. 
We assume that Ui contains 1 £ Ca for simplicity. We put U ~ Ui x X d X . 
Let w*-"' be a holomorphic frame of f over U. 

Condition 3.2 

1. We have the X-connection form A'-"'^ G T(U , M{r) (^pIQ}-^°), such thatD{v'-"^) = v^"^ ■ A'^^K Then the 
sequence {A^"^} converges to A^°°^ G T{U, M(r) ® p\^^^) on any compact subset K CU. 

2. We put ~ H{h^"\v^"^) G C°"{U,H{r)). Then H^"'> and are bounded independently of 
n, on any compact subset K CU . 

3. On any compact subset K, we have a positive constant Ck such that < Ck. I 
The element 9'"' G C°° {U , M{r) (g) pin]f) is determined by the relation e^"'>{v^"'>) = • e*"^ 
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Proposition 3.2 We can take a subsequence {ui} such that the sequences {ff^"*'}, ^} and {S'"*'} 

are convergent m Lf on any compact subset K . 

Proof When we take the restriction of u*^"' to A = 1, then Condition is satisfied. Thus we can talce 
{ui} as in Proposition [3.l| . Then we take a subsequence {ui.} as in Corollary 3.7. By construction, it is 

clear that the sequences 'j, ^} and {o'"'j''} are convergent. We only have to replace {ui} 

with {ui.}. I 

Let pick an element A G [/. We denote the restriction of w'"' to {A} x X by f We take a holomorphic 

vector bundle F — ©J^^j Ox ■ d- By the frames t;|^^' and e = (e^), we have the holomorphic isomorphism 

4'n,A : (f Uj"') — > (F,e). Then we obtain the sequence of the metrics {/i'-"-'}, the (non-holomorphic) 

Higgs fields {S*"'}, the conjugates {6l("'t} ^nd the holomorphic structures {9*"' := - A6l(")+}. Let take 
a subsequence {n;} as in Proposition Then we obtain the limits of the sequences 6»(°°', 6i(°°'''' and 

The tuple of limits 6'<°°', is a harmonic bundle, called a limiting harmonic bundle. 

By our construction, we can see that the limit is independent of a choice of A, in the sense that we have 
the canonical isomorphisms between the limits, once we fix an appropriate subsequence. 

Let and {i)'"'} are two sequences of holomorphic frames of E^^^ satisfying Condition By an 

argument similar to that in the subsubsection B.3.2, wc can show the following. 

Proposition 3.3 We have a subsequence {n;} of {n} satisfying the following: 

• We have the limiting harmonic bundles for {t)*-"''} and 

• The limits are naturally isomorphic. I 

Let consider the case U — X for simplicity. We have the frame u*-"^ ^ of f '"-'t over A'^. We denote 
the conjugate deformed holomorphic bundle of /i'"') by J^^"'^. The morphism <E>„ induces the 

holomorphic isomorphism £^("'t — > j;r(n)t^ which we also denote by Thus we obtain the sequence of 
holomorphic frames {$„(t;'"' ^)}. The following lemma can be easily seen from our construction. 

Lemma 3.31 The sequence {^n^ ^)} convergent. I 

Let pick /i G C^. We denote the restriction of w'"'"'^ to {/i} x by v^i^K We take a holomorphic 
bundle F'^ = Oxt ■ el- Due to the frames t;|^' ^ and — (ej), we have the holomorphic isomorphism 

(f("'tM^„Wt) (Ft,et). Thus we obtain the sequence of the hermitian metrics {/i'"'}, the Higgs fields 
j^")} on X\ the conjugates {6'("'}, and the holomorphic structure {9'"' = d^t -^i-6l'"'}. Due to Lemma 
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the corresponding subsequences for {rii} converge. The limit is independent of a choice of in the 
sense that we have the canonical isomorphism between the limits, once we fix an appropriate subsequence. 
Moreover the limit obtained from the frames {wi^' ^} are canonically isomorphic to the limit obtained from 

the frames {I'l"'}. 



4 Norm estimate in one dimensional case and prolongation 
of the deformed holomorphic bundle 

4.1 Prolongation by increasing orders 

Let X be an n-dimensional complex manifold, and D = IJig/ be a simple normal crossing divisor. 

Definition 4.1 Let P be a point of X, and Di- (j = 1, . . . ,1) be components of D containing P. An 
admissible coordinate around P is the tuple {U,ip): 

• lA is an open subset of X containing P. 

• ip is a holomorphic isomorphism lA — > A" = {(^i, . • • , Zn) \ \zi\ < 1} such that <^(P) = (0, . . . , 0), and 
v{Dij ) = {zj =0} for any j = l,...,l. I 

Let {E, Be, h) be a holomorphic bundle with a hermitian metric defined over X — D. Let a = (cii | i G 
I) G be a tuple of real numbers. 

Definition 4.2 Let U be an open subset of X, and s be an element of V{U — D,E). We say that the 
increasing order of s is less than a, if the following holds: 
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• Let P he a point of U . Let take an admissible coordinate (U,ip) around P. Let e be any positive real 
number. Then we have a positive constant C such that the following inequality holds onU: 

\s\h<c-\{\zri-\ 

In the case, it is described as ord(s) < a. I 

Let pick a tuple a. Then the Ox-sheaf E<a is defined as follows: For any open subset U G X, 

T{U,E<^) := {s Gr{U nD,E) \ ord(s) < a}. 

We often use the notation Ea instead of . The sheaf Ea is called the prolongment of E by an increasing 
order a. 

Notation 

In this paper, we are mainly interested in the case ai = for any i. In that case we will use the notation 
"E. 

We also define the Ox-sheaf i?<a as follows: 

r((7,_E<a) := {s £ r{U -U nD,E)\3e> 0, such that ord(s) < a - e ■ 6} 

Here we put <5 = (1, . . . , 1). 

The Poincare metrics gi on A and go on A* are given by the following formulas up to some minor 
modification: 

2dz ■ dz 2dz ■ dz 

(1-^2)2' H2(-logH2)2 

The associated Kahler forms u)\ and wo are as follows: 

\/—ldz ■ dz \/—ldz ■ dz 



(1-^2)2' |«P(-log|«|2)2 

As the metric on A*^ x A"^~^, we have the metric and the Kahler form: 

In In 
j = l 3 = i + l J = l J=i + 1 

Let P be a point of X and {U, (p) be an admissible coordinate around P. By the isomorphism ip -.lA — D ~ 
A* ' X A"~', we take the Poincare metric on U — D. The metric h of E and the metric gp on T{L{ — D) 
induce the metric (■, ^fe.sp of End{E) Q^''' over U — D. 

Definition 4.3 We say that {E, Oe, h) is acceptable at P, if the following holds: 

• Let {U, (f) be an admissible coordinate around P. The norms of the curvature R{h) with respect to the 
metric (•, ■)h,g-p is hounded over U — D. 

When {E,dE,h) is acceptable at any point P, then we say that it is acceptable. I 

4.2 Tameness and nilpotentness 

Let {E, Be, 0, h) be a harmonic bundle of rank r defined over X — D. 

Definition 4.4 Let P be any point of X, and {U,ip) be an admissible coordinate around P. OnU, we have 
the description: 

J = l ^ 3=1 + 1 

(Tameness) Let t be a formal variable. We have the polynomials det{t — fj) and det(f — gj) oft, whose 
coefficients are holomorphic functions defined over U — |J j=i -Dij ■ When the functions are extended to 
the holomorphic functions over lA, the harmonic bundle is called tame at P. 

(Nilpotentness) Assume that the harmonic bundle is tame at P. When det(t — fj)\unDi_. = , then the 
harmonic bundle is called nilpotent at P. 
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When {E,dE,h,0) is a tame nilpotent at any point P G X, then it is called a tame nilpotent harmonic 
bundle. I 

For the tame nilpotent harmonic bundle, we have the following estimate. Note that the proposition is 
essentially contained in Theorem 1 of |^^. There, Simpson gave the proof when the residue is not nilpotent, 
which is more difficult than the nilpotent case. For completeness, here, we give a proof of the nilpotent case, 
i.e., the easier case, by following the ideas of Simpson and Ahlfors 

Proposition 4.1 (Simpson) . Let {E,dE,h,6) be a tame nilpotent harmonic bundle. Let P, fj, gj be as 
above. We put yj — — logjzjp for j — Then there exists a positive constant C > satisfying the 

following: 

\fAh<C-y-\ = 

l<7j|fe<C', (j = ^ + 1, ■ ■ ■ .Ji)- 

Proof From the beginning, we can assume that W = A", and we can assume that D — Uj=i for I < n, 
where we put Dj :— {zj = 0}. We only see that there exists a positive constant C satisfying \fj \ < C ■ y~^ 
independently of {z\, . . . , Zn). The estimate for gj can be shown similarly. We can assume that j = 1. We 
denote z^ by z, and we put /o = z^^ ■ fi. For any positive number r, we put tp{r) := (— r • log Let tti 

denote the projection A" — >■ A"~^, omitting the first component. 

We denote the dual of fo with respect the metric ft by /q. 

First we note the following. 

Lemma 4.1 There exists positive constants C' > and e > satisfying the following: 

• Let a be one of the eigenvalues of the endomorphism fo{P) of the fiber E\p. Then the following 
inequality holds: 

\a\<C' ■\z{P)\-^+\ (27) 

Proof Since Aet{t — z ■ fo) is holomorphic over A", and since det(t — z ■ /o)|z=o = t", the eigenvalues of 
(z ■ fo)(P) is dominated by C' ■ |z(P)|'^ for some C' > and e > 0. Then we obtain the inequality desired. I 

For an element p £ A* the tuple {E,-i^py fo ■ dz, h) gives a harmonic bundle. Thus we obtain the 
following inequality due to Simpson (See jsij and ^jf): 

Alog|/o|^<-%|i^. 

\.to\h 

Here A is the operator — (9^ + df) for the real coordinate z = s + \/~lt. We put \fo\h- 

Lemma 4.2 There are positive numbers Ci and C2 such that either one of the following holds for any 
PeA^'-Dfi) Q{P) < Ci • HKPW or (11) A(logO)(P) < -C2 • Q[P). 

Proof Let P be a point of A" — D. We take an orthogonal base e = (ci) of the fiber E\p with respect to 
the metric h such that the filtration \_Fi — (ej | j < i)} is preserved by the map fo \ p- We have the matrix 
representation F of /o|p with respect to the base e, that is, /o|pe = e • F. Then F is a triangular matrix 
by our choice of e. We denote the diagonal part of F by Fo and we put Fi ~ F — Fq. Let F^ be the matrix 
representation of /g with respect to the base e. It is the adjoint matrix of F, that is, F^ = *F. We denote 
the diagonal part by FJ and put FJ := F^ — tJ. 

We have the equality [F, F^] = [FcFJ] + [Fi,F|!,] + [Fi.fI]. We denote the diagonal part of [Fi,f1] by 
H. It is easy to see that there is a positive number ci such that |Hp > ci|Fip, where Ci depends only on 
the dimension of the vector space -E|p. Note that the diagonal parts of [Fo,F|] and [Fi,FJ] are 0, so that 
we obtain the inequality |[F,F^]| > ci|Fi|'^. 

On the other hand, we have |Fo| < C2|z(P)|~^'''^ where C2 is a positive constant, which follows from the 
estimates for the eigenvalues. We have the equality Q — |/o|p|h = jFoP + |Fi|^. Thus there are positive 
constants Ci and C2 such that if Q > Ci • ip{\z{P)\f then |Fi|'' > 2"^ ■ so AlogQ < -C2 ■ Q. I 

We can assume that C2 = — 8 by taking a multiplication of some constant. Then we know that one of 
the following holds for any point P e A*' x A""': (i) Q(P) • \dz ■ dz\ < Ci ■ t()(\z{P)\f ■ \dz ■ dz\, or (ii) 
A(logQ^''^)(P) < -4g(P). Note that we can make Ci larger. In particular, we can assume that Ci > 1. 
The (ii) means that the curvature given by the pseudo metric Q\dz ■ dz\ is less than —1. 

We use the notation Ax := {a: G A} and A^ ~ {z £ A*}. We take a holomorphic covering map 
Ax — > A*. We have the natural isomorphism A* ~ ^^^{p) for any p G A*'~^ x A"~'. Then we obtain 
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the holomorphic covering map F : — > -rv-^ ^(p)- The pull back F ^ (^Tp{\z\'^)\dzdz\) is same as da^ := 
(1 — |2p)~'^|da;da;|, because they are the Poincare metrics of A^;. We put Qx F~^{Q) ■ \dF/dx\ and 
u ■- logQ^^. Then one of the following holds for any P G A^^; (i) Qa:{P)\dxdx\ < Cida^, or (ii) A(m)(P) < 

For any R < 1 which is sufficiently close to 1, we put vb.{x) := log_R(i?^ — jxp)^^ for |a;j < R. Note that 
the following equalities; 

Avr = — 4e^"^, da^ = e'^^^\dxdx\, vi < vh- 
We only have to show that e^" < Cae^"^ over A^, for some positive constant Cg, independently of p G 

We have already known that there exists a constant C4 > such that one of the following holds for any 
P e A^; (i) u{P) < vi{P) + C4, or (ii) A{u){P) < -4e'^"'-^\ We will prove that (i) holds for any P G A^, 
in fact, in this stage. 

We consider the region S{R) :— {P G Ax \ u{P) > yR{P) + C4}. On the region, we have the inequality 
A{u -VR + C4) < -4(e^" - e^''^) < 0. On {P G A^^ 1 \x{P)\ = R}, we have vr = 00. Thus the boundary of 
S{R) does not intersect with {P G A^, | |a;(P)| = R}. Thus we have the inequality it — ujj + C4 < on the 
boundary of S{R), which raises a contradiction. Thus the region S{R) is empty. 

Taking a limit P — > 1, we obtain the desired inequality u < iii + C4. Thus we completed the proof of 



Proposition 4.1. I 
The following corollary is just a reformulation. 

Corollary 4.1 Let P be a point of X and {U, ip) be an admissible coordinate around P. We have the metric 
i'j')h,gp of End{E) ® Q.^'i jj . The norm of 6 with respect to the metric {■,-)h,gp ts bounded. I 

Let {E, Oe, 0, h) be a tame nilpotent harmonic bundle. Then we have the deformed holomorphic bundle 
{S,d",h) over X, and {£^,d"^,h) over X^. 

Proposition 4.2 The hermitian holomorphic vector bundles ,d" ^ ,h) and {£,d",h) is acceptable. 
Proof The assertion for {£,d",h) follows from the formula (^) and Corollary Similar to {£^ , d" ^ , h). I 

4.3 The tame nilpotent harmonic bundle over the punctured disc 
4.3.1 Prolongation 

We recall some results of Simpson. See the section 10 of [^2| and the sections 3, 4 and 5 of ^]. Let {E, ds, h) 
be a hermitian holomorphic bundle over the punctured disc A*. We denote the origin of A by O, which 
gives a smooth divisor of A. Simpson showed the following: 

Lemma 4.3 Let a be a real number. If{E,dE,h) is acceptable, then the prolongation Ea is coherent locally 
free. I 

Remark 4.1 Our definition of acceptable is slightly different from Simpson's. He showed the stronger result 
than that stated here. If the curvature R{h) is dominated by \z\~^{— log jzj^)"^ + / for some -function f 
on A , then prolongments Ea are coherent locally free. We will use his stronger result without mention. I 

Let P > a he real numbers. Then we have the naturally defined morphism Ep — > Ea of coherent 
sheaves. We obtain the morphism P^|o — ^ Ea\o, which gives a descending filtration of the vector space 
Ea\o- We denote the image of -E/3|o by F'^{Ea\o)- Similarly we have the morphism i?</3 — > Ea, and 
thus E^0^o — ^ Ea\o- We put Gr" — Ea\o / E^a\o- Then the graduation of the filtration F' {Ea\o) is 
®Q<;3<ci+i Gr^ . 

Condition 4.1 We mainly consider the case that a = and dim(Gr") — dim(i5|o). In the case, we say 
that the parabolic structure of {E,dE,h) is trivial. I 

We also refer the following. 

Lemma 4.4 Prolongation is compatible with the procedures taking determinant, dual, and tensor products. 
(See the papers |^] and of Simpson for a precise statement.) 

Let assume the parabolic structures of all hermitian holomorphic vector bundles are trivial, the the fol- 
lowing holds: 

• For {E,dE,h), we have 'det(P) ~ det(*_B) and {"Ey ~ "{E'''). 

• For (Ei,dEi,hi) (i = 1,2), we have °{Ei®E2) = ®'^E2. In particular, we have '^Sym\E) ~ 
Sym'CE) and "(A' E) ~ A'^E). I 



46 



In the case of harmonic bundle, we obtain the following corollary. 
Corollary 4.2 Let {E,dE,h,0) be a tame nilpotent harmonic bundle over A* . 

• £a is coherent locally free for any a. 

• Let f be a holomorphic section of and then D^(/) is a holomorphic section of S^^i (8) H^". 

Proof Since {£^,h) is acceptable, £^ is locally free coherent sheaf. By the same argument as that in 737 
page of we can obtain the estimate for d'^{f) for a holomorphic section / of Here d' ^ denotes the 
(l,0)-part of of the metric connection of the hermitian holomorphic bundle {S'^ ,d" ^ , h). The second claim 
follows from such estimate. I 
For each A, we obtain the residue Res(D'^): 

Res(D^) : S^\o — > £a\o- 

It preserves the parabolic filtration F°'. Thus we also obtain the elements of End{Gr'^), which we denote 
by Res(D^)^. 

Lemma 4.5 

• Let {E,dE,d,h) be a tame nilpotent harmonic bundle. Assume that the parabolic structure of [£^,h) 
is trivial. Then we have *det(f ^) = det(*f '*'), and "{S^^) = ^)^. Moreover, the induced residues 
are same. 

• Let {Ei,dEi,di,hi) {i = 1,2) be tame nilpotent harmonic bundles. Assume that the parabolic structure 
of {£^,hi) are trivial. Then we have "{Si ® S2) = "£1 ® ^£2- The induced residues are isomorphic. 
In particular, similar things hold for symmetric products and exterior products. I 



4.3.2 Some inequalities 

We recall the A-connection version of the inequality due to Simpson (Lemma 4.1 of |^^). In this subsubsec- 
tion, the metric of A* is the standard metric given by \dz ■ dz\. 

Let {E,d'E) be a holomorphic bundle over A*, and be a flat holomorphic A-connection on (E,d'E). 
It is not necessarily obtained from a harmonic metric. Let ft be a hermitian metric on E, which is not 
necessarily harmonic. We denote the (1, 0)-part of the metric connection of d'^ with respect to ft by d^. We 
denote the (1, 0)-part of by D^', that is = d'^ + D^'. 

We put as follows: 

^ (D^' - Xd's) G C°°{X, End{E) (g) (28) 



1 + |A 



It is not necessarily holomorphic. Here we start from and the metric. Thus we use the notation 6(D^, ft) 
if we emphasize the dependence of 9 on D'*' and ft. 

We denote the adjoint of 9 with respect to ft by S^. Then we put as follows: 

ds ~ d'E-\-9\ dE~d'E + X-9. 

Then we put as follows: 

G(D\ft) —dEiO). 

It is easy to see that the tuple {E, ds, 9, ft) is harmonic if and only if G(D^, ft) = . 
The following lemma is just a A-connection version of Lemma 4.1 of ^]. 

Lemma 4.6 Assume that A 7^ 0. Let s be a section of E such that Ii)^{s) — 0. Then we obtain the following 
inequality: 

Alog|s|^ < 2(|Ar' + |A|) ■ \G{n^,h)\h. 

Proof We denote the curvature of + d'E by R{h,d'E). By our assumption ©"^(s) — 0, the section s is 
holomorphic. Thus we have the following equality: 

dd\s\l = (dfiS, d'Es)h + (s, R{h, dE)s)h. 

We also have the following: 

R{h, d's) = {dE + \- 6»+) ■ {dE-X-9) + {dE-X-9) -(Oe + X- 9'') 
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By our assumption of the flatness of , we have the following: 

= o = (^B + A ■ ■ {xdE + e) + {xOe + e)-{dE + x- e»t). 

Then we obtain the following by a direct calculation: 

R{h,dE) = -(1 + |A|^) ■ (6) A 6»"l" + 6)1" A 6») - A"' ■ (1 + |A|^) ■ G(D^,/i). (29) 
By our assumption ©"^(s) = 0, we have (A9e + = 0. Thus we obtain the following: 

dsis) = {ds -Xe)s^ -{X-^ + A) ■ e{s) = -A"'(l + |A|^) ■ e{s). (30) 
Hence we obtain the following equality: 

dd\s\l = (lAr'(l + \X\'f - (1 + lAl^)) ■ {ds,es)n - (1 + lAl^) ■ {d^s,e^s)^ 

-X-'{l + \X\^)- {s,G{I}\h)s)^. (31) 

Then we obtain the following: 

A"\s\l = -(1 + \x\-^) ■ \es\l - (1 + |A|') ■ \e^s\l + x-\i + \xf) ■ (s, V^agcd\ h)s)^. 

Here A denotes the operator from f2^'^ to C, such that dz ■ dz i — > 
We have the following equality: 

Due to (^o|), we have the following: 

\{s,d'Es)u\' = (lAl"^ + 1) . \{s,es)uf + (11 + Al^) . \{s,e^s)u\\ 

Thus we obtain the inequality desired. I 
Assume that \9\h is dominated by |2|^'^(— log jzj^)^. Then, due to the equality (|9|), the prolongments 
Ea are locally free (See Remark 4.1). When we emphasize the dependence of the prolongments Ea to the 
metric h, we use the notation Ea{h) instead of Ea- 

Corollary 4.3 Assume that A 7^ 0. Let {E, D"^) be as above. Let hi and /12 satisfies the following conditions: 

1. Fori — 1,2, the hermitian bundles {E,hi) are acceptable, and the functions |G'(D^, /ii)|h; are L^ . 

2. We have Ec,{h\) — Ec,{h2) and EX{hi) — EX{h2) for any a. Note that it also implies the coincidence 
of the parabolic structures. 

Then the metrics hi and /12 a,re mutually bounded. 

Proof The argument is same as Corollary 4.2 and Corollary 4.3 of [|3|. I 
4.3.3 Norm estimate in one dimensional case 

In this subsubsection, we give a norm estimate in one dimensional case. In |^^, Simpson discussed the cases 
A = and A = 1. Clearly his argument works in general case. We only have to indicate how to change. 

We recall the argument of Theorem 4 of Let {E,dE,d,h) be a tame harmonic bundle over a 

punctured disc. We have the A-connection {£'\B^). Let pick a real number a G R. Then we have the 
residues of D"^ : 

(Gr", Res(]D)^)^,) {a<l3<a + l). 
We decompose Gr^ into the generalized eigenspaces of Res(D^)/3. 



(Gr^ Res(D^)^) = 0(Gr£,Res(lD)^) 



Here uj runs through the set of eigenvalues of Res(D'^)^. The pair {Gr^, Res(lD)^)^.t^) of the vector space and 
the endomorphism is called the (/3,tj)-part of (£q,,D ,h). 

For {13, Lo), we denote the nilpotent part of Res(D'^)/3,ij by N{I3,lu), and we put V{I3,ijj) :— Gr^. 
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Let consider the following harmonic bundle (See the subsection 3.2): 

{Eo,dEo,Oo,ho) := E{V{l3,Lu),N{p,co))0 L{Ci,C2). 

Here Ci and C2 are real numbers given as follows: 

^ P + 2Re{\-uj) ^ (3-\-uj 

We have the corresponding deformed holomorphic bundle £q on , and the A-connection Dq. By our 
construction, the (/?, t<;)-part of (f o,a) Dq , /lo) is isomorphic to the (/3, aj)-part of {E^,^'^ ,h). 

Lemma 4.7 There exists a holomorphic isomorphism f : £q — > f ^ satisfying the following: 

1. Weputgi ■- /|ooRes(D^)-Res(D^)o/|o and g2 := /|Q^oRes(D^)-Res(Di))o/|Q\ Then gi{F'^) C F^f^ 
and g2iF^)cF<^. 

Proof First of all, we take an isomorphism /|o : £0 a\o — * ^a\o such that the condition 0. It is possible 
because the graded parts of the endomorphisms Res(D'^) and Res(Do) are isomorphic. And then we only 
have to extend /|o to a holomorphic map / over A. I 

By the isomorphism /, we identify £^ and £0. Thus the metric ho and the A-connection Dq induces the 
metric and the A-c onnection on £'^. Let compare h and Hq. It is clear by our construction that the condition 



2 in Corollary 4.3 is satisfied for h and ho. Recall that we obtain the non-holomorphic Higgs field from the 



A-connection and the metric (See (|22)). Here we have the following: 

9{h,i])^) = 6, e{hoM)^eo 

They are not same in general. We also have 61 — 6'(/io,D^), which is not same as both of them above. 
Lemma 4.8 The condition 1 tn Corollary 4.3 is satisfied for the metrics h and ho and the X-connection D'^. 
Proof Precisely we have to show the following: 

. |G(/i,D^)U is L". 

. |G(/io,D^)Uo isi^- 

Since {E, dE,d, h) is harmonic, we know G(D^,h) — dsid) = 0. Thus we only have to care di — &(/io,D^) 
and G(/io,D^). Let denote the conjugate of 9i with respect to ho. 

Let S' denote the (1, 0)-part of the metric connection of £'^ with respect to the metric ho. By definition, 
we have the following: 



)^ - Do) 



We only have to recall the argument in page 747 of |3^]: We put A = - Dq ^ r{A* , End{£^)). By our 
choice of /, the order of A is less than —1 + e for some positive e > 0. By (|29|), we have the following: 

A"' ■ (1 + |A|') ■ G{n\ho) = -(1 + |A|^) ■ {9i A el + el A 61) - J?(/io,4'a). 

Since ho and Dq is obtained from harmonic bundles, we have the following: 

= A-' - (l-FlAl')-G(]D)o,/io) = -(l + |A|^)- {eo A el + el A eo) -R{ho,d'^^). 
Hence we obtain the following: 

\-^G(B\ho) = (^0 Ael + elAeo-e^Ael + elAe^)^ |ApTT (^^' ^ ^ 

Hence we obtain the estimate G(B'^, ho) < C ■ Iz]'^^" for some e > 0. Hence |G(D^, /io)Uo with respect 

to the measure \dz ■ dz\. I 
We have a direct corollary. 

Corollary 4.4 The metrics h and ho above are mutually bounded. I 
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We can reword Corollary 4.4, The nilpotent part of Res(D^)(^ induces the weight filtration W^(/3,tj) 
on Gr£. The filtrations {VF(^,i^) | eigenvalue} give the filtration of Gr^ = ©^^Gr^. Let W denote the 
filtration of 0^ Gr". We put = F"" C f^|o- Then Fp gives an ascending filtration. Then we obtain the 
sequence of the filtrations [F.^W.). Let take a holomorphic frame v = {vi, . . . ,Vr) of f ^ over A satisfying 
the following: 

• v\o is compatible with the ascending filtration {-F/j}. 

• The induced base v^^^ of Grjj is compatible with the filtration W . 

Such frame v is called compatible with [F., W.). The element | o induces an element of Gr^, which we 
denote by u'^'. We put as follows: 

Ui = deg^(u,|o), ki = ideg^(u,'^'). 

We have the G°°-frame v' = {y'l, . . . , v'^) of £^ over A*, defined as follows: 

v't = 1^1"' ■ (-loglzD^*"' • V,. 
Corollary 4.5 The frame v' is adapted. 



Proof The claim follows from Corollary 3.5 and Corollary 4.4. 

Let / be a holomorphic section of £^ over A. We have the number a{f) :— deg^(/(0)) and k{f) 
deg^ {f^^\0)). Here F is the ascending filtration above. 

Corollary 4.6 There exists positive constants Gi and G2 such that the following holds over A*; 

< Gi < (-logi^i)-''*^) ■ i^r*^) ■ i/u < G2. 



4.3.4 Finiteness of some norms and some consequences 

In this section, the metric of A* is the standard one given by \dz ■ dz\. Let (E, Oe, 0, h) be a tame nilpotent 
harmonic bundle over A*. We have a prolongment by increasing ord er . Then we have the vector spaces 



We take a model bundle {Eq, 60, ho) and / : "Eo — > as in Lemma 4.7. We will identify Eo and E over 
A* by the morphism /. We have already known that the metrics h and ho are mutually bounded. 

We have the deformed holomorphic bundle ^, D^, h) and (fg , Dq , ho) over {A} x A*, which are induced 
by (E,9,h) and {Eo,ho,8o) respectively. 

We have the parabolic filtration and the weight filtration for °£'^ and ^£o- We denote them by {F, W) 
and (Jo, Wo) respectively. 

Let take a holomorphic frame v oi °£^ such that it is compatible with the sequence of the filtrations 
(F, W). We put as follows: 

a(«0 := deg^(«.(0)), k{v,) := i deg'^(^;(^'). 

Here v^^'' denotes the induced element of Gr^ . We also take a holomorphic frame vo of ^£0 such that it 
is compatible with the sequence of the filtrations {Fo,Wo)- Similarly we obtain the numbers a(«o,i) and 
k{vo,i). 

Since the underlying G°°-vector bundles of £^ and £0 are naturally identified with E over A*, v and 
vq give the G°°-frames of E over A*. Let I denote the G°°-isomorphism. Then we have the functions 
lij G G°°(A*, C) determined as follows: 



Remark 4.2 Note that our rule of subscription is different from the rule in There, 
by Iji in the section 7 of js^] . We also note that the choice of the signature of a{vi) is opposite to that of 
Simpson. I 
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Simpson considered the following norms || ■ \ \z and || • \ \w for a function / on A*(C): 

\\f\u^c=l i/i-^^, ii/ik,c=/ I/I- , , , 

7a-{C) r-(-logr) Ja*(C) r ■ (-logr) ■log(-Iogr) 



Here the real coordinate z = r ■ exp(27r\/— la) is used. Simpson showed the following lemma to show that 
the conjugacy classes of the resides are invariant (See section 7 in |^^). 

Lemma 4.9 For any i and j, we have the following finiteness: 

\\z-dJ,HA'(C) • |logri'=<"-)-'=<"».^'+i •r-"(''-'+"(''°-^)|| < oo. (32) 
M Ji V ; \\z,c 

For any i and j such that a{vi) — a{vQj) ^ 0, there exists a positive constant C > satisfying the following: 

|/,,| ■ (-logr)''<"''-''('"'.^) •r-"(''''+"('"'-^' <C(-log|2|)-\ (33) 

For any i and j such that a{vi) — a{vo.j) — and that k{vi) — k{vj) 7^ 0, we have the following finiteness: 

||/..l{A}xB.(C)|logr|('=("-)-'=('^o„))|| (34) 
II II w,c 

Proof We have dz{I) = A • {6^ — 6q) by definition of the holomorphic structures of Eg and Simpson 
showed the following inequality (Lemma 7.7 in Q): 



J \e'' - el\h ■ (- log \z\) ■ \dz ■dz\<, 



Here the metric h is used. Since ho and h are mutually bounded, we can also use ho- In fact, we can take any 
metric mutually bounded to ho and h. Thus we do not have to care a choice of the metric in the following. 
Recall that the frames v' = {vi) and v'q = (uq.O are adapted, if we put as follows: 

jzr'''') ■ (-logj^l)-'^*"'' • V,, := l^r*^"-' ■ (-log|z|)-'=("«-' . t;o,,. 

Since we know that j^^jh and |6',j|h are bounded by (— j^;] ■ log |^;|) we have the inequality: 

\dUj ■ |2|-"("')+"("o,,) . (-logl^j)**"-)-**"".^)! < C - |A| X {-\z\-\og\z\)-\ 

Thus any components Bzhj satisfy the inequality (js^). 

We obtain the inequalities (^) and (^) by using Lemma 7.1, Lemma 7.8 and the argument of corollary 
7.10 in ||. I 

Note that many of the arguments in section 7 in |^^ are not needed in our case, for we assumed that 
the residue of {E, Oe, d, h) are nilpotent. 

Corollary 4.7 The conjugacy classes of the residues (Gr£, Res(D'*')(a.ij)) are independent of \. 

Proof Simpson showed that the conjugacy classes of Res(D'^)jn n-\ and Res(D'^)|(o,o) are same in by 
using the inequality (|34|). By the same method and Lemma [l.9| , we can show that the conjugacy classes of 
Res(lD)'^)(^.^) I and Res(lD)'')(^_;^)| (q^o) same for any A / 0. I 
In particular, we obtain the following. 

Corollary 4.8 Let {E, 6, h) be a tame nilpotent harmonic bundle over A* . We also assume that the parabolic 
structure of the prolongment °E is trivial. Then the following holds: 

• The parabolic structure of the prolongment "E'^ is trivial for each A. 

• All of the eigenvalues o/Res(D^) on are 0. 

• The conjugacy classes 0/ (*f '*'|o, Res(D'^)) are independent of \. I 

Let {E,dE,0,h) be a tame nilpotent harmonic bundle over A*. Assume that the parabolic structure of 
"E is trivial. When A 7^ 0, we have the flat holomorphic bundle (£'^,0'^'^). We have a holomorphic frame 
w ol S over A* satisfying the following: 

• We have the flat connection form A G r(A, M(r) ® f2A(logO)) determined by the relation D'^'-^iy = 
w ■ A. Then A is of the form Aodz/z for some constant matrix Aq. 
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All of the eigenvalues of are 0. 
f 

frame. 

Lemir 

order 0. 



Such frame is called a normalizing frame in this paper. We have the prolongment of 5^ by a normalizing 
Lemma 4.10 The prolongment by a normalizing frame is same as the prolongment by an increasing 



In particular, a normalizing frame naturally gives a frame of the prolongation °£ 

Proof The claim follows from the uniqueness of the prolongation, for which the holomorphic connection is 
of log type. (See In particular, II section 5.) I 

4.4 Definition of trivial parabolic structure 

Let X be an n-dimensional complex manifold, and _D be a normal crossing divisor of X. Let {E,dE,h) be 
a hermitian holomorphic bundle over X — D. Let C be a curve contained in X, transversal with D. Then 
we obtain the hermitian holomorphic bundle {E,dE-,h)\c~cnD- 

Definition 4.5 We say that the parabolic structure of the hermitian holomorphic bundle {E,dE,h) over 
X — D is trivial, if the following holds: 

For any curve C C X transversal with D, the hermitian holomorphic bundle {E,dE,h)\c~cnD 



over C — C n D is trivial in the sense of Condition 4.1. I 

As an example, let consider the case that X = A" and D = Uj=iA. where Dj = {zj = 0}. The 
projection A*' x A"^' — > A*'^^ x A"~', omitting the j-th component, is denoted by ttj. For any element 
a G A*'~^ X A"~', we obtain the curve n~^{a) C A*' x A"~'. Let {E,dE,h) be a hermitian holomorphic 
bundle over X — D — A*' x A"~'. Then the parabolic structure is trivial if and only if the parabolic 
structure of (E, Oe, h)\^-if^^^ is trivial for any a G A* x A"^' and j — 1, . . . ,1. 

Corollary 4.9 Let (E,dE;0,h) be a tame nilpotent harmonic bundle over X — D . Assume that the parabolic 
structure of the hermitian holomorphic bundle {E,dE,h) is trivial. 

• The parabolic structure of {E'^ , d" ^ , h) is trivial for any A. 

• All of the eigenvalues o/Res(D^) are for any A. 

• //A 7^0, then we have the flat holomorphic bundle yJ}^). All of the eigenvalues of the monodromies 
around the divisor D are 1. 



Proof The claims follow immediately from Corollary 4.8. I 



4.4.1 Rank 1 

Let see the easy case, that is, the rank 1 case. 

Lemma 4.11 Let {E,dE,d,h) be a tame nilpotent harmonic bundle of rank 1 over A*' x A"~'. Assume 
that the parabolic structure is trivial. Then it is naturally extended to the harmonic bundle over A". The 
deformed holomorphic bundle is also extended to that over Ca x A". 

Proof Let consider the holomorphic bundle {E, Oe + 6^) with the flat connection = ds + Be + 0^ + d. 
Since the eigenvalue of the monodromy is 1, we can take a holomorphic frame e of E over X — D satisfying 
the following: 

n\e) = {dE+e^)e= {dE + 0)e = 0. 

The (l,0)-part of the metric connection of Oe + 9^ with respect to h is given by Oe — 9. We put ho = 
h{e, e) e C°°{X — D, R). Then we have the following equation: 

idho)-ho^ ^d{logho)^~2e. 

Since the rank of i5 is 1, the sheaf End{E) is naturally isomorphic to O. The tameness and the nilpotentness 
of 6 implies that 9 is, in fact, a holomorphic section of D,]^^. We also have the equality 8(9) = 0, because 
(E, Oe, 9, h) is harmonic. Thus we have a holomorphic function / such that d{f) = 9. 
We have the following equality: 

9(log(/io) + 2/) = 0. 
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Note that log(/io) is R- valued. Thus we can conclude that log(/io) = ^4_Re(/) +C for some constant C G R, 
that is, we obtain the following: 

ho = exp(-4i?e(/) + C). 

It means that the increasing order of e is 0, i.e., e is a holomorphic frame of , and h induces the C°°-metric 
We put V :— exp((l — A)/) ■ e. We have the equality 6^ — d{f). Then we obtain the following equality: 
{Oe + A^t) . V = (dE + dif)) ■ (exp((l - X).f) ■ e) + (A - 1) ■ d{f) ■ v = 0. 
We have h{v,v) = exp (-2Re{{l + A)/)]. Thus V gives a holomorphic frame of *f over Ca x A. I 



Corollary 4.10 Let X be a complex manifold, and D be a normal crossing divisor. Let [E,dE,d,h) be a 
tame nilpotent harmonic bundle with trivial parabolic structure over X — D. Then it is naturally extended to 
the harmonic bundle over X. The deformed holomorphic bundle {£,h) over X — T> is extended to that over 
X. I 

4.5 Some preliminary 

Recall something from | ]lo| ]. 

4.5.1 Some results of Andreotti-Vesentini 

We recall some results of Andreotti-Vesentini in Q. Let (y, (?) be a complete Kahler manifold, not necessarily 
compact. We denote the natural volume form by dvol. Let {E,dE,h) be a hermitian holomorphic bundle 
over Y. The hermitian metric h and the Kahler metric g induces the fiberwise hermitian metric of iS® fiy', 
which we denote by (•, ■)h,g- The space of (p, g)-forms with compact support is denoted by A^'''{E). For any 
VIjV^ G A^'''{E), we put as follows: 

{rji,r]2)h = J {r]i,ri2)h,a ■ dvol, \\ri\\l = {ri,r])h. 

The completion of A^'^ with respect to the norm || • \\h is denoted by A^''. 

We have the operator Oe 1^1'" ^^'''^^(S), and the formal adjoint Oe ■ A^^'^iE) — > 
We use the notation A" = OeQe + OeOe- We have the maximal closed extensions Oe '■ A'^'''{E) — > 
Al-''+^{E) and ■ Al'''{E) — > Al'''-'^{E). We denote the domains of Oe and by Dom(dE) and 
Dom{dE) respectively. 

Proposition 4.3 (Proposition 5 of [g|) In W''' := Dom{dE) H Dom(^), the space A'^'''{E) is dense 
with respect to the the graph norm: + \\dEri\\\ + H^b'?!!!- (See also ^^). I 

Proposition 4.4 (Theorem 21 of Q) Assume that there exists a positive number c > satisfying the 
following: 

Then, for any i] G W''' , we have \\dEr]\\'f, + \\dEv\\'h ^ c ■ 
For any C°° -element rj G Af^'''{E) such that dE{r]) — 0, we have a C°° -solution p G A^'''^^{E) satisfying the 
equation dE{p) = rj. I 

4.5.2 Kodaira identity 

For the Kahler manifold Y, we have the operator A : QF''' — > (see 62 page of [pij). For a section 

/ of End{E) O n^"'''", we have the natural morphism A^-^iE) — > '"+«(£;), defined by i — > f A i]. 

We denote the morphism by e(/). 

We have the metric connection of E induced by the holomorphic structure Oe and the hermitian metric 
h. We denote the curvature by R(h). We have the Levi-Civita connection of the tangent bundle of Y . It 
induces the connection of £ ® ff'^: 

V : A°f{E (g) — > A°'\E ® Q"-"-) e Al'°{E ® 

We denote the (0, l)-part of V by V" to distinguish with Oe ■ A"''^{E) — > A°''^. The (l,0)-part of V is 
same a,s d of E We denote the curvature of V by -R(V). 
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We denote the Ricci curvature of the Kahler metric g by Ric((7). We can naturaUy regard Ric((;) as a 
section of End{E) (g) Q^'^ , by the natural diagonal inclusion C — > End{E). 

Let / be a section of End{E) ® fiy^, and 77 be an element of A'^'^{E). Then we put as follows: 

{{f,V))h ■■= -V^{^,V)^, e := (a o e{f) - e(A(/))) (,7) = A(/ ■ r,) - A(/) ■ r, 

Let (fii be an C°°-orthogonal local coframe (tfii) of the tangent bundle of Y , that is g = ipi ■ ipi. We 
also take a C°°-orthogonal local frame (e^) of E. We denote the dual frame by (e^). We have the local 
description: 

Then we have the following local description ((9.1) in pc|]): 

{(/, V))h ■■= .ff,,,.,i3 ■ rin,i ■ V-^,j- (35) 
We recall the identity which is called Kodaira identity in ml. We only need the following special case. 



Proposition 4.5 (Kodaira |25|, Cornalba-Grifliths ]lO[) Let -q be an element of A°'^{E). We have 
the following equality: 

\\dEml + \\dE{v)\\l = l|V"r/||' + J{{Rih) + Ricig),7^))^dYol. 
Proof (See @ for some formulas of Nakano type.) We have the equality: 

\\dE{v)\\l + \\dE{v)\\h = (A"r?,7?)h. 
On the (0, l)-forms, we also have the equality: 

A" = dd* + d*d - V^A o e{R{h)). 
On A^'^{E), we have d* = for an obvious reason. Thus we obtain the following: 

{A"77,r,)ft = {drj,dri)H - V^{A{R{h) ■ ri),ri) ^. 

We also have the operator on A°'"{E (g) 

A" = V"V" * + V"*V" = dd* + d*d - a/^A o e(i?(V)). 
In this case, we have A o e{R{S/)){ri) — A(i?V) ■ rj. Thus we obtain the following: 

{A"n,v)h = l|V"r/||I - V^{A{R{h) ■ ,7), 7,)^^ + V^(a(7?(V)) • r,,T,)^^. 

We have iZ(V) = R{h) + R{Q.°-^). It can be checked that ^f-[{A{R{Q.°'^)-ri),i^)h is same as ((Ric(g),r?)), by 
a direct calculation and the coincidence of the Ricci curvature and the mean curvature of the Kahler metric 
(See (7.23) in page 28 of Q.) Thus we obtain the following: 

{A"r^,ri}i, = ||V"77||'h + J [-V^[A{R{h) ■ r,) - A{R{h)) ■ V,v) ^ + {{Ric(ff), ^7))/.] dvol. 

Thus we are done. I 

Corollary 4.11 Let r) be an element of Dom{dE) n Dom{dE) A^l'^{E). Then we have the following 
inequality: 

WdEivWl + Wdlml > [{{R{h)+Ric{g),r^))hdYol. 



Proof We only have to note the density of Ac'^{E) in Dom{dE) n Dom[dE) (Proposition 4.3). I 
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4.5.3 The modification of acceptable metrics 

Let consider the Poincare me tric c 
bundle {E,dE,h) (Definition O) . 



Let consider the Poincare metric Qp on Y — A*' x A" and the acceptable hermitian holomorphic vector 



Let a — (ai, . . . ,ai) be a tuple of real numbers. Let A*' be a real number. Then we put as follows: 

I / t n 

T{a,N) := ^aaog 1^,1 ViV- K]log(- log ^ log(l - j^.j^) 

i = l \i = l i = 



Recall the following formulas: 



,2 n aai / ^ i |2n dz ■ dz , ,2. dz ■ dz 



dd\o^\z\ =0, 991og(— loglz] ) = - — ■ — — dd\og{l-\z\ 



(-log|zl2)2 . «v II' (1_|^^|2)2- 

For a metric /i, we put as follows: 

I n 

ft„,iv:=ft-exp(-r(a,iV)) = /ix]^|2,r'"'(-log|z.l)-^x (1 - l^-l")""^- 

1=1 i=i + l 

We use the notation j ■ |a,jv, || ■ ||a,jv, (•,-)a,jv and {{■,-))a.,N instead of j ■ lh^_„, H • llh„ jv> ('-O'i^.n a^nd 
{(•, ■))ha jv ^'^^ simplicity. We also use the notation A^\{E) instead of A^'^ ^{E). 

The (l,0)-part of the metric connection for the ha,N is denoted by 5a, iv- The curvature is denoted by 
R{ha,N)- We have the following formula for R{ha,,N)- 

= Rih) - -dOria, N) = Rih) - N ■ (± ^J^-g,,^!^ + jBjIw) ' ^''^ 

In particular, we have the equality \/—lA{R{ha.N)) ~ \/--TA(_R(h,)) — n ■ N. 
We will use the following later. 

Lemma 4.12 When N is sujjiciently smaller than 0, then the following inequality holds for any (0, l)-form 
77; 

{{R(ha,N) + Ric{g),rj))c,,N > \v\i,N- 
Proof It immediately follows from the equality ( ^6| ) and the local description (^). I 

Remark 4.3 The real number N has no effect to the increasing order of holomorphic sections at the divisors. 
Namely, if we have a holomorphic section s, the increasing order with respect to ha,N is independent of N. 
On the contrary, a has an effect, I 

4.5.4 When N is sufficiently larger than 0. 

Let see the case N is sufficiently larger than 0. The function T{a,N) diverges at the boundary of Y. Thus 
we consider Y{C) := A*(C)' x A(C)"~' for a number < C < L The projection of A*(C)' x A{C)"'' — > 
A*(C)'~^ X A(C)"~', forgetting j-th component (1 < j < I), is denoted by TVj. For any element p G 
A*(C)'~^ X A(C)"~', we obtain the curve 7r~^(p) C Y{C), which is isomorphic to the punctured disc. 

Let s be a holomorphic section of E of Y{C). Let consider the restriction of F to the curve ■K~^{p). We 
denote the restriction by F^-i^^^y On Tv~^{p), we have the following formula: 

= -\d.,NF^^-.Jl^ + {F^^-.^^y^V^AR{h) ■ F^^-.J^^^ ~n-N- \F^-. ,^,\1,n ■ (37) 

Here Ap denotes the Laplacian for the punctured disc 'kJ^{p) with the Poincare metric. Then we obtain the 
following inequality: 



a;; log If < _[ — + ^ ,/ <-n-N+ 
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If {E, Be, h) is acceptable, then |-R|/i,9p is bounded by definition, and thus we obtain the following inequality 
for any holomorphic section F and for any sufficiently large A'': 

Apiog!F|,-i(rt!Liv<o. 

We can take such A'^ independently of p, j and F. We can replace Ap with the standard Laplacian —{ds +dt ) 
for the real coordinate Zj = s + \^—lt. 

As an example, we obtain the following corollary. It says, we obtain the increasing order of a holomorphic 
section over A* ' x A"~' from the increasing order of the restriction to the curves. 

Corollary 4.12 Let F be a holomorphic section oj S'^ . Let aj and kj be real numbers (j = 1, . . . ,/). 

For any pointp G A*(C)'^^ x A(C)"~' and any 1 < j < I, we assume that we are given numbers Ci{p,j), 
C2(p,j), o.{p,j) a,nd k(p,j) satisfying the following. ■ 

1. Ci{p,j) andC'2{p,j) are positive numbers. 

2. a(p,j) and k{p,j) are real numbers satisfying a{p,j) < aj and k(p,j) < kj. 

3. The following inequality holds on 7r~^(p); 

< c^(p,j) < ■ i^.r^"''^ ■ (-iogi^,i)-'=('''^' < c^ipj). 

4. C\{p,j), C2{p,j), o,[p,j) and k(p, j) may depend on p and j . 

Then there exists a positive constant C3 and a large number M , satisfying the following: 

• The inequality \s\h < C3 • Hj-i kjl"'(-log \zj\)'^ holds over Y{C). 

• C3 depends only on the values of \s\h at {{zi, . . . , Zn) \ \zj \ — C, j — 1, ... ,1} . 

Proof We put a = (0, ... ,0). Let pick p G A*(C)'"^ x A{C)"'' and I < j < I. We note that the following 
holds: By our assumption, we have the following for any number A': 

iog\F^^-i, Aa,N - alog\zj\ 

lim ' ' , , = 0. 

IzjHo logl^jl 

If N is sufficiently large, then we obtain the following inequality on 7v~^{a): 

^(logl-F|^-i(p)U,]v - alog|zj|) < 

Here A denotes the standard Laplacian — (9^ + dt) on TvJ^{p). Then the values of log — a log \ zj\ 

on TTy^{p) are dominated by the values at {\zj\ — C} n -Kj^{p). (See in particular. Lemma 2.2 and the 
proof of Corollary 4.2). Thus we obtain the following inequality: 

\F^^-i^^^\a,N<C{p,j)-\z,r. (38) 
Here C{p,j) denotes a constant depending only on the values F at {\zj\ = C} H tt^^{p): 

C{p,j) = max||F|^-i(pj(zj)|a,jv | Zj e C, \zj\ = c|. 
From the inequality (^), we obtain the following on ttJ^{p): 

\F^^^i^^^\H<Cip,j)-\z,r' ■i-log\z,\f. 

Then we obtain the result by using an induction on I. I 

We also have the following: 

Lemma 4.13 Let{E,h) be a hermitian holomorphic bundle over A* ^ x A'^^'' . Let F be a holomorphic section 
of E over A*' X A"~'. Assume that ||F||a,jv < 00. If N is sufficiently large, then \ \ F^^-i ^^^\\a..N < 00 for 

any j and p G A*'~^ x A"~'. 

Proof We only have to use the subharmonicity of the function j F^^-i^^^\a,N. I 
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4.6 Some reductions toward the prolongation of the deformed holomor- 
phic bundles 

4.6.1 The prolongation of when A 7^ 

Let [E, OejO, h) be a tame nilpotent harmonic bundle with trivial parabohc structure over A*' X A"-'. Let 
consider the prolongation of S'^ over A*' x A"~' by increasing order (0, . . . , 0). 

Since the eigenvalues of the monodromies are 1, we can take a normalizing frame w of f ^ over A* ' x A"~' , 
namely, the connection form A of D"^'^ with respect to ly = (wi, . . . , Wr) satisfies the following: 

• A is of the form A — X]j=i ' dzj/zj for some constants matrices Aj £ M{r). 

• All of the eigenvalues of Aj are 0. 

Note that the restriction w, -1, , of t« to the curves tt~^(p) gives a normalizing frame of _i, ,,D;^ _i, 

(P) J ^ iTTj (p)' |ir^ (p)' 

Thus w, -1, , is a frame of _i, , , due to Lemma 4.10 In particular, the restrictions w. , -1, , satisfies 
Tj (p) k - (p)' I ' ^ ' » I (p) 

the conditions of Corollary 4.1/ . Thus we can conclude that the increasing order of Wi is less than (0, . . . , 0), 

i.e., Wi is a holomorphic section of ^£^. 

On the other hand, let consider the following section of det(f^) over A*' x A"~': 

^l{w) = Wl A • ■ ■ A Wr- 

By our choice, we know that D'^(n('u;)) = 0. Thus it naturally gives a holomorphic frame of *det(f over 
A". 

Lemma 4.14 Let s = (si, . . . , Sr) be a tuple of holomorphic sections of the sheaf "E'^ . 

1. The section Q{s) — si A ■ ■ ■ A Sr over A* ' x A""'' naturally induces the section of ^ Ae\,{£^) . We denote 
the section by the same notation. 

2. Assume that Q,{s){P) in *det(f ^)|p. Then is locally free around P, and s gives a holomorphic 
frame around P. 

Proof The first claim is clear, for we only have to see the increasing order of Q.{s). 

Let assume that Q,[s)(P) 7^ 0. Then we have an open subset U of A" such that Q.[s) gives a frame of 
*det(£''^) over U. On the open set 17' = (7 n (A*' x A""'), the tuple s gives a holomorphic frame of £ . 
Let / be an element of r(f/, Since we have already known that s gives a frame on U' , we have a 
holomorphic functions fi defined over U' satisfying the following over U': 



Si. 



Let see f\. We know that f A S2 /\ ■ ■ ■ Sr = fi ■ Q,{s) gives a section of *det(f ^) on U. We also know that 
f2(s) gives a frame of *det(f ^) on U. Thus we can conclude that /i is in fact a holomorphic function over 
U. Similarly we can show that the other /; are also holomorphic over U. I 
As a corollary, we obtain the following: 

Corollary 4.13 When A 7^ 0, then °£'^ is locally free coherent sheaf, and the normalizing frame gives a 
frame. I 

Corollary 4.14 The X-connectton and the flat connection D"^'^ is of log type on *f I 



Remark 4.4 The argument of Lemma 4.14 , which we learn at will be used without mention. I 

Let w be a holomorphic frame of ^£^ over A". Let consider the ■W(r)-valued function H{h, v). 

Lemma 4.15 There exists a large number M and positive numbers d {i = 1,2) satisfying the following: 

I I 
Ci ■ n(-log|^.l)~*' < H{h,v) < C2 ■ log 1^.1)"'. (39) 

i=l j=l 

Proof We only have to consider the case that ?; is a normalizing frame. We have already known the 
following estimate for some positive number C3 and Mi: 

M<C,-l[{~log\zS^'^ (40) 
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Thus we obtain the right inequality in (|3£|). To see the left inequality, we use the dual. Namely let 
denote the dual frame of v. Then is also a normalizing frame of f Hence it satisfies the inequality 
similar to (^o[). Hence we obtain the right inequality for H{h^ , u^). Since we have v^) • H{h, v) = 1, 

we obtain the result. I 



Remark 4.5 The argument of the proof of Lemma 4.15 works for any A 7^ 0. If X = 0, we do not have a 
normalizing frame, in general. However, the argument works once we know that the dual frame of 
gives a frame ofE^^ . I 

4.6.2 The prolongation of 

Let 0( — {Ao}) denote the sheaf of the holomorphic functions which vanish on the divisor {A = Aq}. The 
sheaf {Ao}) is a line bundle. We have the natural inclusion: 

0(-{Ao}) C O, and thus £ ® 0(-{Ao}) C £. 

Proposition 4.6 Let [E,dE,0,h) he a tame nilpotent harmonic bundle with trivial parabolic structure over 
A*' X A"~'. 

1. The prolongment of the deformed holomorphic bundle over x A" is locally free. 

2. If *f " over A" is locally free, then °£ over C\ x A" is locally free. 

Proof Let pick Aq G Ca. We assume that Ao 7^ or that we know that f*^ is locally free. We put 
Ao := {A G Ca j |A — Aoj < 1}. We can naturally identify Aq with A. We denote the projection of 
Ao X A*' X A""' — > A*' X A""' by px. We denote the restriction of f to Aq x A*' x A""' by the same 
notation £. 

Let take a holomorphic frame v = (ui, . . . of ^f"^" over A". The restriction of v to A*" is denoted 
hjt = {ti, . . . ,t„). We have the C°°-frame p^'^it) of £ over Aq x A*' x A""'. 
Let d" denotes the holomorphic structure of £. We have the following: 

d"{p',\) = {x-\o)-p-,\e\t,)) 

Let take a sufficiently negative number TV. Let e be any sufficiently small positive number. Let 8 denotes 

the tuple (1, . . . , 1). Due to the estimate of 0^ and the assumption on the increasing order of ti, the (0, l)-form 
Tji is an element of the following space: 



®0({-Ao})). 



Since i s sufficientl y ne gative, We can find an element pi satisfying the following (Proposition 4.3, Propo- 



sition 4.4 



Corollary 4.11 , Lemma [4.12 

P^ G A°:_lg ,,{£®0{^{\o})), dEPr = V^- 

Then we put ii :— Px^{ti) — pi. By our construction, it is easy to check the following: 

• ti is holomorphic. 

• The restriction to {Ao} x A*' x A"~' is same as ti. 

• The increasing order of ti is less than —e S. 

Lemma 4.16 The increasing order of ti is less than (0, . . . , 0). 

Proof Let consider the restriction of {A} x ti to 7r~^(p) for any p G A*'^^ x A"^' and for any 1 < j <l. 
We know that the parabolic structure of is trivial. Since e is sufficiently small, we obtain that the 

increasing order of the restriction of U to {A} x 7r^^(a) is less than 0. 



Then we can apply Corollary 4.12. (We put aj = in applying.) Then we obtain that the increasing 
order of ii is less than (0, . . . , 0). I 
Thus t — (ti) are holomorphic sections of ^£ around (Ao,0). Here O denotes the origin (0, . . . , 0) of 
A". By our choice, fi(t)(Ao, O) = fl{t){Xo, O) is not in *det(5)u.^^^ qj. By the same argument to the proof 



of Lemma 4.14, we obtain that £ is locally free on a neigh borhood U of (Ao,0), and that the t gives a 



holomorphic frame on U. Thus the proof of Proposition 4.6 is completed. I 
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4.6.3 One dimensional case, revisited 

Corollary 4.15 Let {E,dE,d,h) be a tame nilpotent harmonic bundle with trivial parabolic structure over 
the punctured disc A*. Then the prolongment *f of the deformed holomorphic bundle is locally free. The 
X-connection is of log type. 

Proof We have al read y known that the prolongment of £° is coherent locally free. Thus is locally free 



due to Proposition 4.6 



Let / be a holomorphic section of *f . Let consider D(/). It is holomorphic over X — T>. Since a 
normalizing frame gives a frame of *f " over A"", D(/) is holomorphic as a section of *f ' ^ p\i}]f over XK 
Then D(/) is a holomorphic section of locally free sheaf *f (g) pJf2x(log -D), outside the codimension two 
subset V°. Thus D(/) is a holomorphic section of *f ® pJf2x(log-D), over X, namely D is of log type. I 

We have already known that the conjugacy classes of Res(D'^) is independent of A. Thus the weight 
filtrations of Res(D^) form the filtration of *f|CAxO- We denote it by W. The associated graded vector 
bundle over Ca x {O} is denoted by Qr = 0^ Grf^. We denote the primitive part of Qr^ by Ph+2aGrf^. 

Lemma 4.17 There exists a holomorphic frame v of^E over Ca x A, satisfying the following: 

• We have the M{r)-valued holomorphic function J(A) over Ca x {O}, such that Res(D^) • iJ|CaxO = 
't'lCxxO ' J{^)- Then J(A) is, in fact, a constant matrix J. 
Proof For any h > 0, we have the surjective morphism of vector bundles: 

TVh : Ker(Res(D^)'^+') — ^ PhGr,,. 

We take a splitting (j>h of ttj,. We denote the image of (j>h by PhGr'f^, which is a subbundle of *£'c;^xO• For 
any < a < /i, we put PhQr'h-2a ■= ResiB^)" {PhGr'^). Note that Res(D^)''+i(PhC7r'h) = due to our choice 
of PhGr'h- Then we obtain a decomposition: 

"^IC^XO = © © Ph + 2aGr'h. 

h a>0 

We take a holomorphic frame Uh of PhGr'f^. Then we obtain the holomorphic frame of *f|C;^xO given as 
follows: 

UmRes(D^)"(«,0 

h \a=0 

We extend the frame to a holomorphic frame of °£ over Ca x A, which is a desired frame. I 
Let w be a holomorphic frame of over Ca x A, compatible with the filtration W. We put 2 • k{vi) :— 
deg^(i;i). Then we put v'^ := Vi ■ (— log \z\)^''^^'\ and we obtain the C°°-frame v' = {v'i) over Ca x A*. 

Proposition 4.7 For any compact subset K of C\, the frame v' is adapted over K x A*. 



Proof We can assume that v satisfies the condition in Lemma 4.17. We take a model bundle E{V, J) = 
{Eo,6o,ho). We denote the deformed holomorphic bundle by (fo,Do,/io)- We have the canonical frame vo 
of *fo, such that I])o ■ vq = vq ■ J ■ dz/z. Then the frames v and vo induce the holomorphic isomorphism 
$ : — > "£■■ Then we have the following: 

$ o Res(Do) - Res(]D)) o $ = 0, on Ca x {O}. (41) 

We only have to show the boundedness of "1> and over if x A* for any compact subset if C Ca. 

Note that <I> is a holomorphic section of Hom(£o,£ ), wh ich is a deformed holomorphic bundle of 



{Hom{Eo, E), —9o ® 1 + 1 ® /lo ® ft)- Due to the Lemma 4.15 below, we have the inequality A"|<I>|fip®h < 
|D("l>)|h(,0h- Due to (|4l[), D($) is holomorphic over Ca x A, Thus we have the following inequality over 
K X A* for any compact subset K C Ca: 

A'^mHom < mmho(ih < c ■ r-'+\ 

Here A" — -~{df + 9f) for a real coordinate z = s + ^/~lt. Hence we obtain the estimate, which is locally 
uniform for A. I 

Lemma 4.18 Let {E, ds, 0, h) be a tame nilpotent harmonic bundle over A* . Let f be a holomorphic section 
of £^ . Then we obtain the following inequality: 

A"|/U < l»VU- 

Here A" = —{dt + 9s) for a real coordinate z = s + ^/—It. 
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Proof We denote the metric connection of f by d"^ + d'"^. We have the following equality: 

dd\f\l = id"f,d"f),, + if,Rid"')f),,. 

We also have the following equality: 

R{d"^) = dedE + dsdE - lA]'' ■ {6^ ■ 6 + 6 ■ 6^) ^ -{I + \\\^) ■ {9'' ■ 6 + 6 ■ 6'') . 
Thus we obtain the following: 

dd\f\l = {d"f,d"f)n - (1 + IAH ■ {Of, df)^- (1 + ■ (eV, eV),. 
We also have the following: 

{d'^f,d'^f)^ + (DV,roV)h - (1 + |A|') • {ef,ef)^ = -(i + \x\^) ■ idEf,dEf)H. 

Thus we obtain the following: 

991/11 = (1 + |Ap) . {dEf, dEf)h ~ io^f, dV)/> - (1 + lAl") ■ (eV, e^f)H. 

Then we obtain the following: 

A"|/|h = -(1 + \M') ■ \dEf\l + \n\f\l - (1 + |A|2) ■ \e\f\l < \n\f\l. 

Thus we are done. I 

We have a A- family version of Lemma 4.9, Let d be a holomorphic frame of over Ca x A, compatible 

with the filtration W. We have the vector space V = '^£\(o,o) and the endomorphism A'^ — Res(D)|(o_o)- 

Then we obtain the model bundle E{V,N) = {Eo,9o,ho). We denote the deformed holomorphic bundle by 

{£o,^o,ho)- We have the canonical frame vq. 

By the frames ^[{ojxA* and iJokoIxA*, we obtain the holomorphic isomorphism X : £g — > over 

{0} X A. Then we obtain the C°°-isomorphism I : £o — > £ defined over Ca x A*. Then we obtain the 

elements Iij{X,z) £ C°°(Ca x A*), determined as follows: 

2^(«0j) = ^ /ij(A,2:) ■ Ui, I{vo)=v-I. 

Note that li j are holomorphic along the direction of A, alth oug h it is not holomorphic along the direction 
of z. The following lemma is clear from the proof of Lemma [f.9| . 

Lemma 4.19 The finiteness in Lemma [l.9| is locally uniform on Ca. Namely the values of integrals (| 
and (js^) are bounded on any compact subset K C Ca. 

4.7 Extension of holomorphic sections over hyperplanes 
4.7.1 Preliminary 

Let {E, Be, 0, h) be a tame nilpotent harmonic bundle with the trivial parabolic structure over A,; x A*""'^ = 
{(<^, zi, . . . , Zn-i)}. We would like to show that the prolongment of {E, h) — h) is lo cally free. We note 
that we have already known that the prolongment °£^ is locally free (the subsubsection 4.6.1). 

We put X - D := Aj x A*""\ X := A^ x AJ-\ Xo - -Do ;= {0} x AJ"^*, and Xq := {0} x AJ-^ 

We assume the following as a hypothesis of the induction. 

Assumption 4.1 1. The prolongment of the restriction £^Xo-Do locally free on Xq. I 
Recall that we have already known the following (Lemma 4.15): 

Condition 4.2 Let v be a frame of ^£^ over A^ x A*"~^. The components of the hermitian matrices 
H(h, v) and the inverse H(h, v)^^ are dominated by polynomials of — log \zi\ for i — 1, . . . ,n — 1. I 

By the relations 9-v — v-QorO'^-v — v- , we have the following elements: 

e = e« • dc + E e*" ■ dz^/zk e c°°(x, M{r) ® n]f_a), 
et = e«t . ^ Qfct . rf^^/^^ g c°°{x,M{r) ® f^'^io)- 



By the estimate for 9 (Proposition |4.l[ ), the absolute values of the components of 0^, Q'' , B*" ^ and Q''^ are 
bounded by the polynomials of — log \ zi\ for i = l,...,n— 1. 
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We have the flat connection form A of with respect to the frame v, that is, D^d = {ds + d)v — v ■ A. 
The form A is a holomorphic section of M{r) (8) f2^''(log _D). 
We have the relation dsiO) — 0. It is translated as follows: 

ae^ + u - e,e^l = o. (42) 



Lemma 4.20 

• The components of d(;Q^ is of the form Ck ■ dzk/zk ■ dC, + Cc^ ■ dC, ■ dC^. Then the absolute values of 
Ck and Cq are dominated by a polynomial of (— log \zi\) for i = 1, . . . , n — 1. 

• The components of dk&''^ is of the form C ■ dzk/zk ■ dC,. Then the absolute values of C is dominated 
by a polynomials of {— log \zi\) for i = 1, . . . ,n — 1. 

• Hence, for any z — {zi, . . . , Zn-i) £ Xq, 0{(, z) is as a function ofC,. And the L^-norm is dominated 
by the polynomials of {— log \zi\) for i = 1, . . . ,n — 1. 

Proof The claims immediately follow from (^). I 
4.7.2 A construction of a (0, l)-cocycle and the extension property I 

The restriction of the frame v to £^ over X — D can be regarded as a C°°-frame of S". Let / be a holomorphic 
section of |Xq-_Do)- We have C°°-functions fi on Xq — Dq determined by the relation: 

i 

Since an increasing order of / is less than 0, we have some inequalities \f\h < Ct ■ (11^=1 l^il) " for any 

e > 0. Due to the condition 4.2, we have some inequalities \fi\h < Ct ■ (11^=1 l-^jl) fc"' '"^W e > 0. Since / 
is holomorphic, we have the following equality: 

= df{z) = ^ + ^ e,*](o, z) ■ nkfA^)) ■ 

k 

Here we use the notation f]i — dzi/zi. 
We put as follows: 

a' := E,,,©f;(o,^)-/.(^)-t'4C,^). 

We have the following equality: 

= E(E(Q'i(C,^)-©';(0,^)) -r?, )■f,{z)■v.iCz) + Y,e^^]iCz)■dC■fA^)■v^iC,z). (43) 

k 

We also have the following equality: 

Thus we obtain the equality d{fi ^ f2) = C ■ F, when we put as follows: 



By our construction, we have the equalit y dF = 0, and the norm \F\h,gp is dominated by a polynomial of 
(— log \zi\) for i = 1, . . . ,1. (Use Lemma 4.20.) Thus we have the finiteness for any e > and any number 
M: 



/ ri — ± 
\F\l-l[[\z,\'-i~log\z,\f')dvol 

.7 = 1 



< oo 
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Here dvol is obtained from the Poincare metric. 

Let take a small positive number e and a sufficiently large real number M . Then we can find a solution 
G satisfying the equation d( G) = F and the finiteness f \G\'^ ■ rij=i (l-^i I" ' (~ l^S l^il)^^) dvol < oo, due to 



Proposition 4.3, Proposition 4.4, Corollary i.ll, Lemma 4.42) 



We put /s = /i — /2 — C • G. Then by our construction, it satisfies the following: 

/n—l 



By lemma 4.43, we obtain the finiteness of the integral over 7r^^(a) for any a £ A*'~^ x A"~' and any 
1 < j < I. Then the increasing order of / is dominated by — e. By the triviality of the parabolic structures, 
the increa sing order of fs is, in fact, 0. Thus /s is a holomorphic section of *f " satisfying /s | Xo — ./i due to 
Corollary 



4.42 



By using the extension result above, we obtain the following immediate corollary. 
Corollary 4.16 The sheaf S'^ is locally free m codimension 1, under the assumption I 

Remark 4.6 It is interesting that we can derive the fact *f " is locally free if the dimension of the base 
complex manifold is 2. Let consider the case X = = {(^1,22)} and D^{zi-Z2 = 0}. We put O = (0,0). 
We have already known that *f " is locally free over X — {0}. We can show that we have a sections /i, . . . , /jv 
of ^S'^ such that they generate over X — {O}. Use, for example, an argument in page 35 in jToJ. Then we 
obtain the morphism Lp : O® ^ — > *f The image of (p is denoted by Im(<^), which is coherent. On X — {O}, 
we have Im((/p) = ^f". Let consider the double dual of lm{(p), namely, we put := Hom{lm{(p,0),0). 
Then is coherent, and locally free. Since is locally free, we have *f " C J- due to Hartogs theorem. On 
the other ha nd, w e can show that the increasing orders any holomorphic sections of are less than 0, due 



to CoroUary t4.42| . Thus we have T = 

The argument works in higher dimensional case, i.e., we can show that *f is coherent and refiexive by 
the same argument. But the double dual of coherent sheaf is just reflexive, and not locally free in general. I 

4.7.3 The metrics and the curvatures of 0(i) on 

To resolve the difficulty in the intersection of the divisors, we need some preparation. We denote the one 
dimensional projective space over C by = {[to : t\\\. The points [0 : 4] and [4 : 0] are denoted by and 
oo respectively. We use the coordinates t = to/ti and s = ti/to. We have a line bundle 0{i) over P^. The 
coordinates of 0{i) is given as follows: (t, Ci) over P^ — a-nd (s,C2) over P^ — {0}. The relations are 

given by s = t~^ and t~^ ■ ("i = C^2- 

Recall that we have the smooth metric hi of 0{i). Let ^ = (t,Ci) = (•s,C2) be an element of 0{i). 

For any real numbers a and b, we have the possibly singular metrics hi^^a,b) of 0{i): Let ^ = (t,Ci) = (SjCa) 
be an element of 0{i). 

Kia,,){^,o ■■= h,i^,o ■ (1 + ir'T ■ (1 + 1*1')' = ^^^cc) ■ (1 + \s\y ■ (1 + i^r^)'. 

Around \t\ — 0, the order of fto,{a,b) is equivalent to Around jsj = 0, the order of /i.o,(a,6) is equivalent 

to |s|^^''. The curvature R{hi^a,b) is as follows: 

_ . , , dt ■ di 

R{hi,a,b) = (-a - + i) 



(l + |i|)^ 

When i = —1 and a — b = —4/2, then we have the following: 

J?(/l-l,a,b) = 0. 

Let take a point P G P^. Then we obtain a morphism 0{i) — > 0{i + 4) of coherent sheaves. The morphism 
is bounded with respect to the metrics h^^^^.b) and fti+i,(a,b)- 

We are mainly interested in the case i = — 4. We regard 0{—l) as a complex manifold. The open 
submanifold Y is defined to be G 0{—l) | ft-i,(o,o) (Ci C) < l}- We denote the naturally defined projection 
of Y onto P^ by vr. We denote the image of the 0-section P^ — > F by P^ Then we have the normal crossing 
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divisor D' = U ^"^(0) U 7r"^(oo) of F. The manifold F - D' is same as {{t,x) eC*^\ jxf (l + ltp) < l}. 
We have the complete Kahler metric g :— gi + g2 + gs oi Y — D' given as follows: As a contribution of the 
0-section P^, we put ri = — log|^(l + • jx-pj , and as follows: 

1 / i-dt dx\ { t-di dx\ 1 dt ■ dt 
Si Z2 + — • + ^ + 



f Vl + I*l' X J \^ + W X J ' n {l + \t\'^f 

Note that gi gives the complete Kahler metric of y — P^. 

As a contribution of 7r~^(oo), we put T2 = log(l + and as follows: 



1 / , \t\''\ i 

T2 \ r2 / 1 



dt-dt 

52 



Note that we have —1 + \t\'^ ■ t-z > 1. Around \t\ = ex, or equivalcntly, around \s\ = 0, the g2 is similar to 
(-|s| log \s\)-^ds ■ ds. Around \t\ = 0, we have 32 = (2"^ + o{\t\^)) ■ dt ■ di. 

As the contribution of the divisor 7r~^(0), we put T3 := log(l + — log = log(l + |s|^), where we 
use s = t~^ . And we put as follows: 



1 / lap \ ds ■ ds 
33 = -- -1 + ^ 



By the symmetry, the behaviour of ga is similar to 52- 
The following lemma is easy to see. 

Lemma 4.21 g gives the complete Kahler metric ofY — D' . Around the 0-section P^, 7r~^(0) and ■w~^{oo), 
the behaviours of the metric are equivalent to the Poincare metric. I 

We note the following formulas: 

1 / t-dt dx\ I t-dt dx\ 1 dtAdi 

ddlo^r, = ^ (-1 + ^) ■ =: aaiogra = ^ (-1 + ^) • =: -3. 

T2V {i + \t\'^y ^ ' T3V T3 J {i + \s\-^y 

We put u! = uJi + UJ2 + UJ3. Wc put as follows: 



//o = l + l(-l + ^)+l(-l + ^)>0. 

n T2\ T2 / T3 V T3 / 



n r2 V T2 / T3 V T3 

Then we have the following: 



= det(g) ■ dt A dt hdx hdx = { ^ x Hq] ■ dt hdt Adx A dx. 



We put as follows: 



(l + |t|2).(l + |,|2) 

Recall that wc have Ric(g) = 99(det(g')). 
Lemma 4.22 

• Let C be a number such that < C < 1. On the domain {^(t,x) £ C*^ | |a;p • (l + < C}, we have 
the following similarity of the behaviour: 

^^l~(log|^|)-^ ^ oo,or, |t| ^ o). 

• We have the equality: Ric{g) ~ dd\og{Hi) = —ddlogrf . I 
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4.7.4 Extension property II 

Let consider the blow up of = {(21,22)} at O — (0,0) which we denote by A^. We denote the proper 
birational projective morphism A^ — > A^ by </>'. We have the divisor {zi — 0} of A^. The proper 
transformation of {zi — 0} in A^ is denoted by Di. We can take a holomorphic embedding t of Y, given in 
the previous subsubsection, to A^ satisfying the following: 

• The image of the 0-section is the exceptional curve. 

• We have l~\Di) = n-\oo) and (.-^(Da) = t^'^O). 

We denote the composite (f)' o l : Y — > A^ by (f>. The restriction (f>'^Y-D' an open embedding into 
A^ - D1UD2. 

Let consider the one dimensional subvariety C'(l, 1) = {z,z) G A'^ of A'^. We denote the closure of the 
inverse image of C'(l, 1) — {O} via (ji in y by C(l, 1). Clearly the natural morphism 4>\c{i,i) gives an open 
embedding of C(l, 1) into C"(l, 1). 

Let consider the product with A"^^. We obtain the naturally defined morphism (f> : Y x A"~'^ — > 
A^ X A""^. The restriction (t>\(Y-D')xA"^-2 gives an open embedding of (V — D') x A* ""^ into A^* x A*"~^. 
We have the divisors C"(l, 1) x A"-^ C A^ x A"-^, and ^(l, 1) x A"-^ cY x A"-^ 

Let consider the tame nilpotent harmonic bundle {E,dE,d,h) over A*". Then we obtain the harmonic 
bundle (j}*{E,dE,h) over [Y — D') x /\*"~^. We also have the deformed holomorphic bundles 0*2^ over 
{1} X {Y -D') X A*""^ 

We will use the coordinate (t, a;) of y — D' and {z2, . . . , 2„) of A*'"~^. 

Note the following; 

• The prolongment "(ffS^ is locally free. 

• We have the holomorphic frame v of ''(f)*£^. Around P = [1 : 1] in the 0-section P^, the components 
of the hermitian matrices H{4)*h,v) and H{(j>''h,v)~^ are dominated by the polynomials of (— log|a::|) 
and (— log \zi\) for i — 2, . . . ,n. 

• We denote the curvature of {E,dE,h) by R{h). It is dominated by (j)* dd\ogT{a, N). 

Let e be sufficiently small positive number. Let a and h be positive numbers such that a = b = —1/2. 
The metric h of (j)*{E) ® Op(— 1) is defined as follows: 

h ■— <l)*ha.^N ■ h-i^a.b ■ ■ Ti'^'(t"2 ' T3) ^ 

Lemma 4.23 When N is sujficiently smaller than 0, then the following inequality holds for any rj G 

{{R{h)+Ric{g),r,))-^>e\\ri\\l. 
Proof We have the following equality: 

Rih) + Ric(ff ) = R{ct>''ha,N) + R{h-i,a,h) - dd log ffi + (2 + e) ■ dd log n + e ■ a9(log ra + log rs) + Ric(5) 

^ R{4>*ha.,N) + e{uji+i^2+i^3). (44) 

By taking sufficiently negative A^, we can assume the following inequality for any 77 £ A^'^{E): 

{{R(ha,N),V))a,N > 0. 

Then, by a fiberwise linear algebraic argument, it is easy to see that the following inequality holds for any 

{{<}>' R{h^,N),v))H > 0. 

On the other hand, we obtain {{1^1 +L02 ^))f^ > f ■ ll^lljii which can be checked directly from definition. 
Thus we are done. I 

Lemma 4.24 Let f be a holomorphic section o/*f|'^,(--^ i)xA"-2- Then we have a holomorphic section f of 
"8° such that i|c'(i,i)xA"-2 = /• 

Proo f We identify C(l, 1) x A"-^ and C"(l, 1) x A"'^. By the same argument as that in the subsubsection 



4.7.S , we can show that we have an extension of /, say /a, to the section of *(/>*£°, by using the metric h. Let 
consider the norm of /a with respect to our original metric h. We consider the restriction of /a to 7r~^(a), 
for any a G A*'~^ x A"~' and for 1 < j < I- First we consider the case j = 1. On 7r^^(a), the metric 
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h is equivalent to h ■ l^il^^^^" x Q, where Q denotes a polynomial of log \ zi\. Thus the increasing order of 
l/g I ^-i^^jl^i is less than — 1/2 — e. Since the parabolic structure is trivial, we can conclude that the increasing 
order is, in fact, less than 0. Similarly we can show that the increasing order of /3|^-i(„) with respect to 

the metric h is 0. If j > 2, then the metrics h and h are equivalent on 7r~^(a). Thus the increasing order of 
/g^-ij^j with respect to the metric h, is less than 0, also in this case. Thus we obtain that fs is, in fact, a 



section of "S'^, due to Corollary 4.12. I 



Corollary 4.17 The prolongments *f " and are locally free. 

Proof Assume that the prolongment of the restriction to the hyperplane is locally free. Let v = (vi) be 
a holomorphic section of ^{£^'q(^i ijxAi-^)- extend Vi to a section Vi of *f " as in the previous lemma. 
Then v = (vi) gives a holomorphic frame of f " around (0, . . . , 0), for fi('C)(o,...,o) is not in *det(f )jq gj. 
Thus the induction can proceed. I 



Proposition 4.8 

• For any A G C, D"^ is of log type. Namely if f is a holomorphic section of , then ©"^(Z) is a 
holomorphic section of "^8^ ® il^'J (logO^). 

• D is of log type. 

Proof If A 7^ 0, a normalizing frame gives a trivialization of ^8'^ . It implies that D"^ is of log type. If A = 0, 
we know the estimate of the norm oi 9. It implies that 9 is of log type. 

Let / be a holomorphic section of The section D(/) is holomorphic over U {X — V) = X — V'^. 
Thus it naturally gives a holomorphic section of *f (8) fix (log -D). I 

Remark 4.7 Note that we also obtain the extendability of the holomorphic sections over the curves. We 
will use the fact without mention. I 

4.8 Functoriality 

Proposition 4.9 We have the following functoriality of the prolongment. 

det(*£:) ~*(det(£:)), " £^ ® " 82 :^ H£i ® £2) , ^(f^) ~ ff)^. 

Hom{''Ei,''E2)~''Hom{Ei,E2) Sym'ff) ~ *Sym' E) ~ " ^' E . 

In each case, the X-connection D is also isomorphic. 

We also a similar isomorphisms of the conjugate deformed holomorphic bundles with /i- connections. 

Proof Let see the case of determinant bundles. We h ave the natural morphism det(*i£) — > *det(f). 



By using the result of Simpson (see |33], or Lemma 4.4 in this paper) and the extension property of the 



holomorphic sections, we can show that the morphism is surjective, and thus isomorphic. The other cases 
are similar. I 
Let consider the morphism / : A™ — > A" given as follows: 

r(co = n<'^- 

Let {E, Be, 9, h) be a tame nilpotent harmonic bundle with trivial parabolic structure over AJ". Then the 
deformed holomorphic bundle of f*{E,dE,9,h) is naturally isomorphic to the pull back of {£,!!), h). 

Proposition 4.10 We have the natural isomorphism 0/ and°{f*£). 

Proof Since the prolongment is characterized by increasing orders, we have the natural morphism /* (*f ) — > 
^{f*£). We have to show that it is isomorphic. When rank of E is 1, then the claim is obvious. Let con- 
sider the general case. Let d be a holomorphic frame of "^8. Then f*Q,{v) gives a holomorphic frame of 
/* det(*£:) ~ detCf*£). Thus f*iv) gives naturally a frame of I 
We see the relation of prolongments of £ and SK We put X — A" and D = {11"=! ~ 0}- Let u be a 
holomorphic frame of *f over X. We have the restriction vix-t> oi v to X — V, which is a frame of £ over 
X — v. Then we obtain the conjugate frame {v^x-t))^ oi £' over X^ — . 

Proposition 4.11 {v\x-t>) naturally induces the frame of^£'' over X^ . 
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Proof When the rank of E is 1, the claim is obvious. Let consider the general case. By using the result 
in the case of curves, we can show that the increasing order of 'vl^p^_j, is less than 0, and thus it gives a 

holomorphic section of '^SK Let consider the section fl{v]^_j,). By functoriality of our construction, it is 
same as Sl(t;)^ j,, which gives a holomorphic frame of det(*£'^). Thus vl^_j, gives a frame of "^SK I 

We will denote the induced frame by simply by v'' . 

5 Limiting mixed twistor structure 

5.1 Preliminary 
5.1.1 Normalizing frame 

Let {E,D^) be a holomorphic vector bundle with a holomorphic flat connection over A*". Assume that the 
monodromies are unipotent. Let fix the coordinate (zi, . . . , Zn) of A*". Recall that we have a holomorphic 
frame such that the corresponding connection form is of the form Aidz/zi for Ai € M{r). Such a frame 
is called the normalizing frame in this paper. Let us recall the construction of such a frame. 

Let H denote the upper half plain {(^ G C | Im(() > 0}. Let take the universal covering vr : H" — > A* 
given by Zi — exp(27rV— ICO- Let P be a point of A* " and P be a point of H" such that n{P) — P. Let ji 
denote the following path: 

{te'R\0<t< l}Bt> > {Zl, . . . , Zi^l,exp{2TTV^t) ■ Zi, Zi+l, . . . , Zn) G A*". 

We denote the monodromy along 7i by M(7i). 

Let pick a base e(P) of E^p. Let Mi be the matrix representing the endomorphism Af (7^) G End{E\p) 
with respect to the frame ■w{P), that is, Af (7^)10 — e • Mi. By our assumption. Mi is unipotent. We denote 
the logarithm of A'li by A^^, i.e., 

00 

N, = log(AfO - Yl — (^^» - 1)™' exp(Ar,) = Af,. 

m— i 

The frame e(P) of E^p naturally induces the base e(P) of n* E^p. We can take the flat frame u of tv'^E 
such that U|p = Then we put as follows: 

n 

W ^ U ■ exp(^-J2{(^ ~ UP)) ■ 
j=l 

Then w is, in fact, the pull back of some holomorphic frame of E on A*". We denote the frame over A*" 
by the same notation w. We have the following equality: 

n n J 

n'w = v[-Y^N.-d(;:)=w[-Y^N.-^-^^). (45) 

i—1 i—1 ^ * 

Note that such normalizing frame is determined once we pick a point P and the frame e(P), when we fix a 
coordinate {zi, . . . , z„). Namely, we have the following lemma. 

Lemma 5.1 Let wi and W2 be normalizing frames such that wi{P) = W2{P)- Then we have wi = W2- 

Proof On H", the frames Wi are solutions of the equation (^5|), such that wi{P) — W2{P)- Such solution 
is uniquely determined. I 

Let see the dependence of a normalizing frame ty on a choice of P, e(P) and the coordinate. Let take 
another frame ei(P) of -E|p. We denote the corresponding normalizing frame by wi. We have an element 
g G GL{r) such that ei(P) = e(P) • g. Then we have wi{P) — w{P) ■ g. We also have D^io ■ g — w ■ A ■ g — 
w ■ g ■ {g~^ ■ A - g). Thus we obtain that wi — w ■ g. 

Let Q be another point of A*", and e(Q) be a base of E\q. We denote the corresponding normalizing 
frame by 102. We have an element g G GL{r) such that 'W2{P) ~ w{P) ■ g. Then we know that 102 — w ■ g. 

Let {z'l, . . . , z'„) denotes another holomorphic coordinate, satisfying {z'i = 0} = {zi — 0} =: Di for any 
i. Note that (z'i) be a coordinate of an open subset U of C", which is not necessarily same as A" above. 
Let take a covering tt' : H" — > U — [J^ Di. We use the coordinate (C,') for H" in this case. We denote the 
corresponding normalizing frame w' . 
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We have a holomorphic function gi defined over A" satisfying {(i — 4') — ^i/z'i = exp(27r\/— IffO- 

Then we have the following relation: 

w' = u- cxp(- ^ (C: - CdP)) ■ N,) 

= w ■ exp(- - O(J')) • iV» + ^(ff. + (CUP) - UP))) ■ N?j 

i 

= w ■ exp[^ (g, + (C'(P) - C^^"))) • A^.] ■ (46) 

i 

5.1.2 Isomorphisms 

Let w — {wi, . . . ,Wr) be a normalizing frame of a holomorphic flat connection (J5,D^). We regard it as 
a frame of the prolongment over A". Let P and Q be points of A". Let v be an element of °E^p. 
Then v can be uniquely described as a linear combination of w^jp, that is, v — X^i • | p for Vi £ C. 
Then we obtain the element ^p.q{v) = ' ''^i\Q of Then we obtain the linear isomorphism 

^{P,Q) ■ *-E|p — > *-E|Q- 

Lemma 5.2 When we fix a coordinate of A", then the morphism '&(p,q) is independent of a choice of 
normalizing frame. 

Proof Let wi and W2 be normalizing frames. Then we have the element g £ GL{r, C) such that wi = W2-g- 
Thus we have the relation | p = W2 \ p ■ g and Wi | q = W2 \ q ■ g- It implies that $(p,q) is independent of 
a choice of a normalizing frame. I 
Let P be a point contained in A* Then we have the action of monodromies M(^i) and the logarithms 
N{'yi) on E\p. Let P be a point contained in Di = {zi = 0}. Then we have the endomorphism Resp). (D^)|p 
of *-E|p. We denote it by N{'yi) by abbreviation. 

Lemma 5.3 Let P and Q be points of A" . Then the isomorphism $(p,q) is compatible with N{'yi). 

Proof Both of the endomorphisms A'^(7i)|p and N{'yi)^Q are represented by Ni with respect to the frames 
U7|P and w^Q. Thus the isomorphism $(p,q) are compatible with N{'yi). I 
We see the dependence of $(p,q) on a choice of the coordinate. Let {z'^) be another coordinate. We 
denote the corresponding morphism by $(pQ). 

Lemma 5.4 We have the relation 

$(P,Q) = exp(^(5.(P) - 3.(Q)) ■ iV(70) o <i>'(p,p). 

i 

Proof We have the relation (^) between w and w' . It implies the relation of '1'(p,q) and ^'(^p gy I 

5.2 The vector bundle of Simpson 
5.2.1 Normalizing frames 

We put X = A", Di = {zi = 0} and D = IJi=i Di for I < n. Let {E, Oe, 0, h) be a tame nilpotent harmonic 
bundle with trivial parabolic structure over X — D. We have the prolongment of the deformed holomorphic 
bundle over X, and the A-connection D"^ of log type. The following lemma is easy from the construction 
of normalizing frames. 

Lemma 5.5 We can take a holomorphic frame w of £^ over A"" such that the restrictions w^p^x are nor- 
malizing frames for IS^'^ . I 

In that case, the following holds; Let G F^A'", M(r) ^p^Q,\f^ be a holomorphic flat connection form 
of with respect to w, that is, D-*^ ■ w — w ■ over XK Then A^ is of the following form: 

Y^aiX)-^. (47) 

Zi 

Here Ci{X) are M(r-)-valued holomorphic functions of A, but they are independent of Zi. Let consider the 
A-connection form ^ of D with respect to the frame w. Then we have the relation A^ = A~^ ■ A. Thus A is 
also of the form as in (p7|). A frame such as w above is also called a normalizing frame for D. 

Note that there does not exist a normalizing frame for Higgs field. Namely the normalizing frame is 
defined only over X\ in general. 
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5.2.2 Construction 



Let P and Q be points of X. As in the subsubsection 5.1.2, we obtain the following isomorphisms by using 
the normalizing frame for any A 7^ 0; 

^\,p,Q ■ ''£\(x,P) — > ''£\(x,Q)- 

Since w is holomorphic with respect to A, the dependence of the morphisms "I'a.p.q on A is holomorphic. 
Thus we obtain the holomorphic isomorphism of the following locally free sheaves over for any P,Q £ X: 

I Oct! ^ c tl 

■Pa.f.q : c |c*x{p} — > t- |cjx{p}- 

Similarly we obtain the holomorphic isomorphism for any P,Q £ X^: 

(fit .opttt ,«pttt 

'^'m.p.Q • |c;x{P} > o |C*X{P}- 

We have the isomorphism — given by = A^^. Recall that we have the following identification 
of C°°-bundles with the families of the flat connections (Lemma 5.5.); 

{£\W) = (£:t»,]D)t/), over A'" - =^-"-©^11^ 

Note that they are identification of the C°°-vector bundles, and the identification is holomorphic with respect 
to A and ^. Let P be a point oi X — D. Then we have the following identification of holomorphic bundles 
over = C* : 

ctt ct tt 

^|CJx{P} - ^|CJX{P}- 

Let Q\,Q2 be points of X, and P be a point of X — D. Then we obtain the following sequence of 
isomorphisms: 

t- |C-x{Qi} > i|c.x{P} ^|C-x{P} * C*x{Q2}- 

We denote the composite by ^/(Qi, Q2, P). We have the vector bundles £\Cxx{Qi} over C\ and E'I^^ y.{Q2} 
over Cf_i. By the gluing ^/(Qi, (52, P), we obtain the holomorphic vector bundle over = Ca U C^. The 
vector bundle is denoted by S{Qi, Q2, P, (zi))- When we fix the coordinate, then we often omit to denote 
(zi). When Qi — Q2 ~ Q, it is denoted by S{Q, P). When we distinguish the harmonic bundle {E, Be, 8, h), 
it is denoted by S{Q,P, {E,dE,e,h)). 

5.2.3 Nilpotent maps 

Assume that Qi and Q2 are contained in Di. Then we have the following morphisms of coherent sheaves: 
Resi,.(D) G End{''£^c^>,{Q,)), ReSj,t(Dt) G £ndf x {Q^}) • 

Lemma 5.6 The nilpotent morphisms Resu;(D) and — ReSj,t(D^) induce the morphism of the coherent 
sheaves: 

AT^ : S(Qi,02,P) S(Qi,Q2,P)®Opi(2). 
Proof Then we have the following morphisms of the coherent sheaves: 

Resi,,(D-f) e Endl^E^c^xiQ^)), ReSj,t(D") G Sndf x{Q.}) • 
The relation of Res-p, (D-'^ ) and Resi>^(D), (resp. Res^^t (D''' ■'') and Res.j,t (D''')) is given as follows: 

Resi,, (D-') = A~^ ■ Res-D, (D), (resp. Res^t (»''' ^) = ^t"^ ■ Res^t (D''').) 

On the other hand, the logarithms of the monodromies of the flat connections D along the path 7i, induces 
the following morphism of the coherent sheaves: 

Af(70 G £;nd(*£:|c^x{p}). 

By the morphisms ^a.Qi.p, the Res©. (D^) is mapped to N{'yi). On the other hand, the morphism $^ p 
map the Res t(D^'^) to -Niji). Thus we are done. I 
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5.2.4 Gluing matrices 

Let i; be a holomorphic frame of *f over X. Then is naturally a holomorphic frame of over X\ We 
obtain the frames U|C;jxQi ^"^^ '^fc xQ2 '^^°^\'^\^Qi ^'^'^ *^^Cj,xQ2 respectively. We would like to describe 
the gluing morphism ^(Qi, Q2, P) with respect to the frames. 

Let ty be a normalizing frame of f ' for the flat connections D^. Then lo^ is naturally a normalizing 
frame of f^' for the flat connection D^^. Let V G {X^ ,GL{r)) be the transformation matrices of v and 
w that is, ly = D ■ r. Then the transformation matrices of and is given by = F*(*r_2), that is, 
ujt _ . pt jjej-e p denotes the morphism — > Ct^ given by ^ = —A (See subsubsection 3.1.6). 

Let e be a frame of £ over X° -V^\ Then e'^ gives a frame of f^". The relation of e and is given 
by ^ e - H{h,ey\ 

Let i? G C°°{X — V, GL{r)) be a transformation matrices of p^^(e) and i;, that is, v = p^^(e) • B. Then 
the transformation matrices of v'^ and p'^''^{e^) is given by = F*{^B ^), that is, v'' = p]^^^(e^) • B^. 

Then the gluing morphism 'i!{Qi,Q2, P) for S{Qi, Q2, P) is represented by the following GI/(r)-valued 
function ^(A,P), with respect to the frames I'icjxQi ^'i*^ ''fcxQg' 

''|c*xg2 ='^|c-xQi ■^(A,P), 

(48) 

A{\, P) := r(A, Oi) . r(A, P)-' ■ B{\, P)-i . H{h, e) \p) ■ B^fi, P) ■ T^^, P) ■ F^^, . 

Here fi = X~^. 

5.2.5 Punctoriality 

Let see the functoriality of the construction of the vector bundle S{0,P). To distinguish the harmonic 
bundle {E, Oe, 0, h), we use the notation S{0, P, {E, ds, 0, h)). 

Proposition 5.1 We fix the coordinate of A" . Then we have the following natural isomorphisms: 
det( S{O,P,{E,dE,0,h))) ~ S{0,P,det{E,dE,e,h)), 



S{0, P, {Ei,9^,hi)) ® S{0, P, {E2,e2, h2)) ~ S{0, P, [El, 61, hi) ® {E2, 62, /12)) 

s{o,p,{E,dE,9,h)y ~s{o,p,{E\,dE-,e\h'')), 

Hom(^S{0,P,{Ei,ei,hi)),S{0,P,{E2,e2,h2))) ~s(o,P,i?om((£;i,e»i,/ii),(£;2,e2,/i2))), 
S{0,P,Sym'{E,dE,e,h)) ~ Sym^ S{0,P,{E,dE,e,h)), 

s{o, p, K'(E.:dE.. e., h)) ~ A' s{o, p, {E,dE, e, h)) , 

In each isomorphism, the nilpotent morphisms Nf^ are also isomorphic, if O is contained in Di — {zi = 0}. 

Proof Let see the case of the tensor product. Let Wa = iwai) be normalizing frames of ^£a over Ca x A" 
for a = 1,2. Then twi ® W2 = {wi i (S) W2j) gives a normalizing frame of "^Si (8 £2- Then it is easy to check 
that our construction is functorial with respect to the tensor product. The oth er cases are similar. I 



Let consider the morphism / : A™ — > A" considered in the subsection 4.8, given as follows: 

3 

Let {E,dE,0,h) be a tame nilpotent harmonic bundle with trivial parabolic structure over AJ' x A"~'. 
Proposition 5.2 We have the natural isomorphism of 

s{Qi,Q2,P, f*iE,dE, e, h)) ~ 5(/(Qi), /(O2), /(P), (E,dE, 9, /i)) . 

Proof Let lo be a normalizing frame of °£K Then f*{w) is a normalizing frame of Then the 

proposition follows from the functoriality of the prolongation (Proposition 4.10). I 
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5.3 A limiting mixed twistor theorem 



5.3.1 The filtration 

Let consider the case that the base manifold is one dimensional, i.e., X = A and D = {O}. Due to the 
result of Simpson, the conjugacy classes of A/'^(A,0) = Res(D^) is independent of a choice of A. Thus the 
weight filtrations VK(Res(D'^)) induced by Res(D'^) form the filtrations of S{0, P) by subvector bundles. We 
denote the filtration by W^. Thus we obtain the filtered vector bundle (S(0, P), W^). 

Ideally, we hope that the filtered vector bundle is mixed twistor, namely, we hope that the l-th 
graded part Qri is a direct sum of Opi (1) . 

We call it a conjecture of Simpson. 



5.3.2 Example (the case of Mod{2, a, C)) 

As an example, let see what kind of filtered vector bundle is obtained in the case Mod(2, a, C). This is an 
extremely easy example. We have the canonical frame v = of £ over Cx x A. The restriction 

t;|C;^xO gives a frame of Mod{2,a,C)\Cxy.o- For simplicity, we omit to denote the notation |Ca x O. The 
weight filtration on Ca is obviously given as follows: 

Tj/A / 0,1\ \tr^ I 1,0 0,1\ 

On the other hand, v'^ = (w^ i-", „t 

gives a holomorphic frame of Mod{2, a, C)^. Then the filtration W 

on is as follows: 

TI/A / tl-0\ TI/A / tl,0 tO,l\ 

Let consider the gluing matrices. Luckily v and v'' are normalizing frames. We have the relations ( |lo| ) 
between v and p^^v^xo^-p^ — p^^e, and the relation ( pT| ) between t;^ and i^t-to.xitn ~ pj^^^e'' . Then 

the gluing matrices ^(A, P) is given as follows: 

1 A.(y + c)-M f (y + c)-' W 1 0\ r ^ \ .4„^ 

1 ;V y + c J ' \ -ii-{y + c)'' ij \ ^fi y + c J ' 

Here y denotes — log j2:(P)|, and we used the relation A ■ ^ = 1. Namely, we have the following relation: 

/ ti,o to,i\ / 1,0 o,i\ / A \ / 0,1 X 1,0 , / , N o,i\ 
= _^ y + c ) ^ ' +{y + c)-v ' ). 

We have the graded vector space Qr = Qr^i © Qri associated with the filtration W^. The line bundle Qr_i 
is obtained by the relation v^^'^ — —fi ■ v°'^ . Thus the first Chern class is —1. On the other hand, the line 
bundle Qri is obtained by the relation ti^"'^ — A • n^'". Thus the first Chern class is 1. Namely the filtered 
vector bundle {S{0, P), W^) is a mixed twistor, in this case. 



5.3.3 Example (the case of Mod{l + l,a, C)) 

Let see the case of Mod{l + 1, a, C) for general I. Since we know that Mod{l + 1, a, C) — Sym' Mod{2, a, C), 
we obtain a mixed twistor structure also in this case. We see the gluing matrices. We have the canonical 
frame v = (u*''' \ p + q = I) of Mod{l + 1, a, C) over Ca x A. It is also a normalizing frame. The filtration 
is given as follows: 

^ {v''-'\2i~l<h). 

We have the conjugate frame — [v^'''''' \ p + q — I). It is also a normalizing frame. The filtration W^^ is 
given as follows: 

We would like to show that the Chern class of the h-th graded part Qrh is h. For that purpose, we would 
like to calculate the transformation matrices A oi v and v'^ determined by the following relation: 

i 

However it is not so easy to directly calculate whole of the matrices A. We have already known that the 
filtration have to be preserved by the gluing. Then we can derive the following information. 
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• It implies that Ai^p — if i > I — p. 

• We also know that A have to be an element of GL{1 + 1), so that Ai,i-i 7^ 0. 
On the other hand, we can show the following by a direct calculation: 

• Ai^i-i is of the form a ■ A'^*"' for some complex number Ci. 

(We only have to use the relations (p^, ( p^ and the orthogonality of the frames t;|{o}xA and ^'[{QjxAt') 

Thus the the Chern class of Qrh is h, namely the filtered vector bundle {S{0, P)) is a mixed twistor in 
this case. 

5.3.4 Some modification of the frames of *f Caxo ^nd ^£^\c^xo 

The gluing matrices (^8|) are divergent when P ^ O. (For example, see (psj).) We would like to modify our 
choice of frames of *£|C;^xO a-nd *f ^|c xO; so that the gluing matrices are convergent for some sequence of 
points Pi O. 

Let V he & holomorphic frame of *f , compatible with the weight filtration , over Ca x A. Then the 
weight filtration over Ca x O is obviously given as follows: 

Wf^ = (u,|CaxO I deg'^^(wi) < h) 

We have the conjugate frame t;^ of over x A. It is also compatible with the filtration . Note 
that deg^ {vi) = - Aeg^ (uj). The weight filtration IV^ over C;j X O is given as follows: 

< = ("IicaxO I deg^"(«I) <h) = (-IicaxO I deg^"(^0 > -h) 

Let take holomorphic vector bundles F :— Ocx^i over C\. We give the filtration Wf to the 

bundle F, defined as follows: 

WF,h ■- (u, I deg'^^(?;0 < h). 
Similarly we put F^ := Oc^wJ. We give the filtration Wpt defined as follows: 

W^t,, := (^^I I deg^^(«J) <h) = {ul I deg^^(«0 > -h) 

We also put as follows: 

Un := (n, | deg^^ (v,) = h), Ul := (4 | deg^^ {vj) = h). 

Then we have WF,h = ®;<h Ui and W^t h ~ ®i<h ■ Note the following obvious lemma. 

Lemma 5.7 Let c = {ci\i = 1, . . . ,r) he a tuple of non-zero complex numbers. We have the morphism 
rjc : ^£\CxxO — > F defined by Vi 1 — > Ci ■ Ui for 1 < i < r. Then the morphism rjc preserves the filtrations 
and Wf- 

Similarly we have the morphism rjl : *f ^|Cj,xO — * -P^ defined by 1 — > d ■ Ui for 1 < i < r. Then the 
morphism rj^ preserves the filtrations and Wpi . 

Proof Clear from our choices of Wf and W^^t • I 
For any P G A*, we take the tuple of complex numbers c(P) = (ci(P)) and c\P) = (cJ(P)), given as 
follows: 

c^P) := (-log|z(P)|)'=("'\ c\{P) := (-logl^(P)|)'=(''»' = (- log |^(P)|)-'=("»). 

Here we put 2 • k{vi) := deg*^ {vi) and 2 ■ fc(uj) := deg^*^ Then we obtain the following isomorphisms 

preserving the filtrations: 

ri.(P) ■■ r^lCAxcW^) ^ (i^,WF), r?,t(P) : r^V.xcW^) ~ (Pt,w^t). 

Then the gluing morphism *I'(0, P) for the vector bundle S{0, P) induces the isomorphism g[P) : (P, Wf)|cj - 
(P^, W^t )|c* • The filtered vector bundle {S{0, P),W^) is naturally isomorphic to the filtered vector bundle 
obtained from (P, Wf), (P^ W^t) and the gluing g{P). 

We have the diagonal matrix L(P) whose (i, i)-component is Ci(P) = (— log |2;(P)|)'''^"*'. We also have 

the diagonal matrix L^(P) whose (i, i)-component is cl{P) = (— log l2;(P)|)'''"i ' = (— log UfP))] ^''^'''^ The 
matrix (P) is the inverse of L{P). Let A{\, P) is an element of r(CA, GL{r)) given in m 
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Lemma 5.8 The gluing g{P) is represented by L(P) ■ A{X,P) ■ (P) ^ with respect to the frames u and 

Proof Since A{\,P) represents 4'(0,P) with respect to the frames W|C;^xO smd f |c^xOi the claim is clear 
from our choices of 77c and rj\^ . I 
In the following, we assume that we take e = i'|{o}xA* for the construction of ^(A). 

5.3.5 The statement and an outline of a proof 

We will prove the following theorem. 

Theorem 5.1 (A hmiting mixed twistor theorem) Let {E, dE,d, h) be a tame nilpotent harmonic bun- 
dle with parabolic structure over A*. For any open set U containing O, there is a point P £ U f) A* such 
that the filtered vector bundle {S{0, P),W^) gives a mixed twistor structure. 

An outline of the proof of the theorem is as follows: 

1. We can take some sequence of the points {Pi} converging to O, such that the corresp onding sequence 



of the gluing functions {g{Pi)} converge to the gluing function g^o (the subsubsection 



5.3, 



2. We have the filtered vector bundle (Soo,W) obtaine d from (F,Wf), {F\Wp'f) and goo- We will see 



that (5oo, W) is a mixed twistor. (the subsubsection 5.3.7) 



3. Let consider the condition that a filtered vector bundle is a mixed twistor. We can see that the condition 
is open. Since the sequence of the filtered vector bundles {S{0,P^),W'^) converge to (5'cx), yV) in a 



sense, we can conclude that they are mixed twistors for sufficiently large i (the subsubsection 5.3.8) 

Before entering the proof, we state an obvious corollary. 

Corollary 5.1 Let P be any point of A* . The Chern class ci{Qrfl^) is h ■ rank(C/?'^). 

Proof If {S{0, P), W^) is mixed twistor, the claim is clear. Since the Chern class is an topological invariant, 
we obtain the result. I 

5.3.6 Convergency of the gluing functions 

We only have to investigate the convergency of the sequence {L{Pi) ■ A{Pi) ■ L^(P;)~^} for some sequence 
{Pi}. We decompose L{P) ■ A{P) ■ L^ {Py^ as follows: 



L{P) ■ r(A, o) ■ r(A, p)-i . L{P)-'J ■ (l(p) . B(A, py'Lipy''^ 

X [l{P) -Hil^y'iP) ■ lHp)'') 

X (lHp)-bH^^,p)-l\p)-') ■ fLt(p).rt(/,,P).rt(/i,o)-^-Lt(P)-i). (50) 



Lemma 5.9 Let R be a real number such that < R < 1. On the region T{R) — {\ £ | 7? < |A| < R~^} , 
the sequence {L{Pi) ■ r(A, O) ■ r(A,Pi)~^ ■ L{Pi)~^} converges to the identity matrix, with respect to the sup 
norms, for any sequence {Pi} converging to O. 

Proof The sequence {r(A, O) ■ T{X, Pi)~^} converges to the identity matrix for any sequence {Pi}. In fact, 
we have an equality |r(A,0) • r(A,P)~^ — l| < C ■ \z{P)\ over the region T{R), for some positive constant 
C. I 

Lemma 5.10 Let {Pi} be a sequence of points of A* , converging to O. Then we can take a subsequence 

{Pii^ such that the corresponding sequence {L{Pi.) ■ H{h,e) (-PiJ • L^(Pi.)~^} converges to a positive 
definite hermitian matrix M . 

Proof We put e- := (- log • e, for i = 1, . . . , r. Then the frame e' = (ei, . . . , e^) of £° over A* is 

adapted. We have the following equality: 

H{h,e') = L(P)"^ ■ H{h,e) ■ L{P)-^ = L^ (P) ■ H{h,e) ■ L{P)'\ 

Thus we are done. I 



Let us investigate the convergency of {L{P) ^ ■ B{X,P) ■ L(P)}. For that purpose, we take a model 
K 



bundle. We put V = "S^^o and iV = Res(6l). Then we have a modelbundle {Eo,eo,ho) = E{V,N) over A* 
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We denote the deformed holomorphic bundle of (Eq, do, ho) by {£o, Do, ho). We have the canonical frame vo 
of "£0 over Ca x A. We can assume deg^(woi) = deg'^(Di). 

We put eo :— Uq |{o}xA- Then the frames eo and e induce the isomorphism F of the holomorphic bundles 
*fo and *fo, such that F\o oRes(0o) ~ Res(S) o_F|q. The morphism F induces the holomorphic isomorphism 
F : £0 — > £0 over A*, such that F and the inverse F~^ are bounded with respect to the metrics ho and h. 

Since we have £0 = Px^£o a-nd £ = Px^£o by our definition, we obtain a C°°-isomorphism X : £0 — > £ 
over Ca x A*. The morphism X and the inverse X~^ are bounded with respect to the metrics h and ho by 
our construction. 

We have the GL{r)-valued function / determined by X{vo) = v ■ I. We have the GL{r)-valued function 
Bo determined by vo =Pa^(^o) ' ^o- 
Lemma 5.11 We have the relation B — Bo ■ . 

Proof We have v — p'^^(e) ■ B. On the other hand, we have the following; 

V = X{vo) ■ I^^ = J(pa ^eo) ■ Bo ■ /"V 

By our choice of X, we have T(p^^eo) = P^^&- Thus we are done. I 
Hence we have the following: 

L{P) ■ B{X, P) ■ L{P)-' = (l(P) ■ Bo(X, P) ■ L{P)-') x (l{P) ■ r\X, P) ■ L{Py 



For the model bundle, we have already known the behaviour of the transformation matrices Bo{P,X) 
when P ^ 0. 

Lemma 5.12 When P ~* O, the sequence {L{P) ■ Bo{X,P) ■ Z/(P)~^} converges to a GL{r)-valued holo- 
morphic function B{X) = (i?ij (A)) over Ca satisfying the following: 

• We put k{vi) := ■ deg^(i;i) — 2^^ ■ deg^(i;oi). Then we have the following: 

- f (if k{vi) < k{vj) or if kivj) — k{vi) is not an integer), 

BiAX) = I , ^k(v,)-k{v,) ^ ^jj,, g ^^^-j _ i^^^^-^ jg integer). 

• The matrices B{h, h) :— {btj | deg^(i;i) = deg'^(t;j) = h) are invertihle for any h. 

• The matrices B{h, —h) := {bij | deg'^(i;i) = h, deg^(i'j) = —h) are invertihle for any h < 0. 
A similar convergence holds for the sequence L'' {P)Bq{P)L^ (P)^^ , when P ^ O. 



Proof The claims can be checked directly. (See Corollary 3.4.) I 

We put C{P) ■- L{P) ■ I{X,P) ■ L{P)~^, which is an element of C°°(Ca x A*,GL(r)). 

Lemma 5.13 Let K be a compact subset of Ca. Then C{P) and the inverse C{P)^^ are bounded over 
K X A*. 

Proof We put v[ := (- log Izl)-*^'''' • Vi. Then we obtain C°°-frame v' = (w-) of £ over Ca x A*. We 
also put v'oi — (— log Izl)^*^'"" ■ voi, and then we obtain the C°°-frame v'o of £0. For any compact subset 
K C Ca, the frames v' and v'o are adapted over K x A*, for the metrics h and ho respectively. Since X 
and the inverse X~^ are bounded over K x A*, the C°°-frame X{v'o) is adapted for the metric h. Then the 
transformation matrices between v' and X{v'o) axe bounded. Now we have the relation X{v'o) = v' ■ C hy 
our construction. Thus C and the inverse C~ are bounded over 
We have the following immediate corollary. 

Corollary 5.2 Let {Pi} be a sequence of points in A* converging to O. Then we can take a subsequence 
{Pi^} such that the corresponding sequence {C{Pi)} converges to a GL{r) -valued holomorphic function C 
with respect to the sup norm, over the region Ax{R) for any < R < 1. I 

Then we have already known the existence of the sequence {Pi} such that {L{Pi) ■ A{X,Pi) ■ L^(P;)^^} 
converges to a GL{r)-valued holomorphic functions over the region T{R) ^ {X\R <\X\ < R-^}. However, 
we need a better sequence. 

Lemma 5.14 There is a sequence {Pi} satisfying the following: 

• The sequence {C{Pi)} converges to GL{r) -valued holomorphic function C over Ca- 

• The {i, j)- components Cij are if deg{vi) 7^ deg{voj). In other words, C preserves the decomposition 
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Proof We only have to see that we can take a sequence {Pi} satisfying Cij{Pi) — ^ for any pair {i,j) such 
that deg{voj) 7^ deg{vi). 



Assume that deg(?;oj) 7^ deg{vi). Due to Lemma 4.9 and Lemma 4.19, we obtain the following finiteness 



/ jCi j(A, 2:)| ■ |dA ■ dA| = / ||Ci j(A, ■ |dA ■ dA| < 00. 

''J\x\<R I'm-' J\x\<r 

Thus we can take a sequence {Pi} such that the sequence { f^x\<R l*-^' ' l^-^'i^^l} converges to for any 
R > Since the components Cij{\,Pi) depend on A holomorphically, the sequence {d Pi)} converges 
to on AA(i?) for any > 0. I 
In all, we obtain the following: 

Proposition 5.3 There exists a sequence {Pi} of points in A* converging to O satisfying the following: 

• The corresponding sequence {L{P) ■ A{\, P) ■ L'' {P)~^} converges to a holomorphic GL{r) -valued func- 
tion A on C^. The convergence is with respect to the sup norms on T{R) := {A G Cx | i? < |A| < R~^} 
for any < R < 1. 

• We have the decomposition of A into the product: 

A = C ■ ■ M ■ bI- 

• M is a positive definite hermitian matrix. It is independent of X and fi. 

• B IS a holomorphic GL{r)-valued function defined over Cx. It is given in Lemma ^.12| . 

• C is a holomorphic GL(r) -valued function defined over Ca- It preserves the decomposition F = ^f^Uh- 

• B1" and C are GL{r)-valued holomorphic functions defined over C^. They are given as follows: 



Bt(^)=*B(_A) , Ct(^)='C(-A) . 

• Similar things hold for the exterior products /\'^{E, 6, h). 

Proof We have already seen the first five properties. The last two properties are clear from our construction. 
Note that the transformation matrices for S(0, P, f\''{E, 6, h)) is obtained from the transformation matrices 
of S{0, P, {E, 6, h)) , by some standard linear algebraic procedures. I 

5.3.7 The property of g^o 

Let goo denote the gluing given by the matrices A. From the filtered vector bundles (F, Wf), {F\Wp-t) 
and the gluing g^c, we obtain the filtered vector bundle. We denote it by (S''°°', VV'°°^). We denote the 
associated graded vector bundle by 0^ Gr^. 

Proposition 5.4 The filtered vector bundle (5^°°', VV'°°') is a mixed twistor. Namely Qrf^ is isomorphic to 
a direct sum of O-pi (h) . 

Proof First we see the following: 

Lemma 5.15 We only have to care the transformation given by B~^ ■ M ■ B^ . 

Proof The matrix valued function C and the inverse are holomorphic for the variable A over Ca- Moreover 
they preserve the decomposition @Uh- In particular, they preserve the filtration Wf over Ca- Thus we 
can ignore C to see Qrf^. Similarly we can ignore . I 
We denote the associated graded vector bundle of Wf and Wp\ by Qrp and Qrp^. Since B~^ ■ M ■ B^ 
preserves the filtrations Wf and W^t , we obtain the morphisms of the graded parts. We denote them as 
follows: 

Gri{B-^ ■M-B''): gr^'^ ^rJ^K 
Let b{W) be the bottom number of the fihration W<°°'. 

Lemma 5.16 The morphism Gri,(w){B'^MB^) : Gr"^^^ — > Gr^^-^ is of the form \-'''-^'> x ^b(w){li), 
where "I'b(vK) holomorphic and inveriible on C^. In particular , Gri,(^w) <^ pure twistor of weight b{W). 
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Proof We can regard the matrices and as the endomorphisms of F and . And the hermitian 
matrix M can be regarded as the transformation of w = (ui) to — (mJ). We denote the submatrices 
{{B^^)ij I deg(Mi) = 2;,deg(itj) = j/) by B~^{x,y). Similarly we put as follows: 

B^{x,y) ~ {B^ I deg^t) = x,deg(«]) = y), 
M{x,y) ■- {M,j\ deg(uO =2;,deg(^t]) 

(B-' ■ M ■ B^)(x, y) ~ ((B-i ■ M ■ B%, \ deg(uO = a;,deg(«t) = y). 
We will calculate {B'^ ■ M ■ B''){b{W),h{W)). Note the following obvious lemma. 

Lemma 5.17 We have B\x,y) — for any x > y. In particular B\x,b{W)) = if x b(W). I 
Then we obtain the following equalities: 

(B-i ■ M ■ B^)ib(W), b(W)) = Yl B-\b(W),y) ■ M{y, b{W)) ■ B^biW), b(W)) 

y 

= B-\biW),-b(W)) ■ M{~b{W),b{W)) ■ B''{b{W),b{W)) 

+ J2 B-\b{W),y)-M(y,b(W))-B\b(W),b(W)). (51) 

y<-b(W) 



If follows from Lemma 5.12 that the function B ^ (b{W) , -~b(W)) is of the form A '''^'Qi where Qi is an 
element of GLr'{C). Here r' denotes dimC/''6(w)- The matrix M{—b{W),b{W)) is positive hermitian. Note 
that we have the equality deg(Mi) = — deg(Mt). Moreover B^b(W),b(W)) is an element of GLr'{C). Thus 
the first term in the right hand side B-'^{b(W),-b(W)) ■ M(-6(W^), 6(W)) • B\b{W),b{W)) is of the form 
y^-b{w)Q^ where Qa is an element of GL^i(C). 

that the function B''^{b{W),y) (y < -b{W)) is of the form A'-^'^'+^'^^^Sj; 



If follows from Lemma 



5.12 



where Sy denotes a matrix with C-coefficient and Sy is unless b(W) — y is even. Also M{y,b{W)) is a 
matrix with C-coefficient. Thus we have the following equality: 

{B-'MB^){b{W),b{W)) = A-"'^' X <E.,(w-)(m) 

<E>Kw)(m) = Q2 + E,>oM'S,'. 

Here S'i {i > 0) denote the matrices with C-coefficient. The function ^b{w){l-i-) is holomorphic and invertible 



In particular, ^b{w)(p) is just a change of the trivialization of Gr^^^^^ over C,i. As a result, we can 
conclude that Qri,(w) is a pure twistor of weight b(W). Thus the proof of Lemma 5.16 is completed. I 

Then we will show the following claim by using an induction on h. 
(Ph) For any / < h, the graded part Qri is a pure twistor of weight I. 

We assume that Ph-i holds and show that Ph holds. By assumption, Qri are pure twistor of weight I. 
In particular the first Chern class of det{Qri) is I ■ rank(C7r;). 

We put R = rankW^^j -I- 1. Note that we have already seen that the bottom part is a pure twistor of 
an appropriate weight for any tame nilpotent harmonic bundle with nilpotent residues. In particular, the 
bottom part of the filtered vector bundle /\^(5''°°', VV'°°') is pure twistor of the following weight: 

h-l h~l 

6o := ^ r rank^n +h = Y^ ci(deten) + h = ci(det W/^°°J) + h. 
i=i 1=1 

There is the natural isomorphism: 



Srto (A >V(°°')) ~ det(W<°°>) ® Grn. 



Thus we can conclude that Qr^ is a pu re twistor of weight h. 
Hence the proof of Proposition 5.4 is completed. 
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5.3.8 The end of the proof of a Hmiting mixed twistor theorem 

For a positive number R such that 1 < _R < oo, we put T{R) := {z £ C | -R~^ < \z\ < R}. For any 
holomorphic function g : T{R) — > GL{n), we can naturally associate the holomorphic vector bundle of 
rank n, which we denote by V{g). We denote the set of holomorphic function g : T{R) — > GL(n) such that 
Ci{V{g)) = by Co. We have the subset Ctriv = {<? G Co | V{g) trivial }. 

Lemma 5.18 Ctriv is open with respect to the topology given by the sup norm, i.e., if a sequence {gi G Co} 
converges to an element g G Curv, then gi G Ctriv for any sufficiently large i. 

Proof We can translate the sequence of the gluing gt to the sequence of holomorphic structures dt on a 
C°°-vector bundle E such that ci{E) = 0. The sequence di converges to a holomorphic structure 8 in Lf 
for any I, such that {E, d) is isomorphic to the trivial bundle. Then we have to show that di gives the 
holomorphic structure which is holomorphically trivial for any sufficiently large i. It is a consequence of the 
vanishing H^(r\0) =0. I 
By Lemma p.l8| , we obtain the open-ness of the condition that a filtered vector bundle is a mixed twistor. 
We have already known that the sequence of the gluings {g{Pi)} converges to a gluing g{P), which gives a 
mixed twistor. T hen we can conclude that g{Pi) gives a mixed twistor if I is sufficiently large. Thus the 



proof of Theorem 5.1 is completed. I 



5.4 Higher dimensional case of a limiting mixed twistor theorem 

5.4.1 The morphisms induced by the residues 

We put X = A", = {zi = 0}, and D = ULi ^» some / < n. 

Let consider the tame nilpotent harmonic bundle {E, Oe, 0, h) with trivial parabolic structure over X — D. 
Let take a point Q € D. We put I = {i € l\ Q € Di}. Let take a point P and consider S{0, P) over P'^ for 
{E, Oe, 9, h). We have the nilpotent maps induced by the residues of D and at Vt and T>1 respectively: 

TVf :S(Q,P)— >5'(0,P)®Op(2), (iel). 

For a tuple a = (a* | i G /) G C^, we put N^{a) := J^^ei ^i ■ Nf^ ■ 
Lemma 5.19 Assume that all of Oi are positive integers. 

• The conjugacy classes of N^{a)^x are independent of the choice of X Gf"^. 

• Let W^{a) denote the weight filtration of (a) . For an appropriate point P, the filtered vector bundle 
(S{Q, P),W^{a)) is a mixed twistor. 

Proof Let consider the embedding ip : A — > X given as follows: 

We denote the origin of A by O. Let take a point P G A such that ip{P) — P. 

We obtain the harmonic bundle (p* (E, Oe ,0, h) over A*. By our construction and the functoriality of the 
prolongation, the residue Res(^*D) is isomorphic to {a)^c;^. Thus the conjugacy classes of 7V^(a)|C;^ 
are independent of a choice of A G C^. Similarly the conjugacy class of A'^^(a)|c^ are independent of a 
choice of G Cp. Moreover, the filtration W^{a) gives a mixed twistor if we take an appropriate point P 
of A*, which is a consequence of Theorem I 

We can take a general a, in the sense of ^.l4 from Q>o. Let take an appropriate point P such that 
{S{Q, P), W^{a)) is a mixed twistor. We denote the associated graded vector bundle by Q r^(a ). 



Let consider the morphism A^^^^ : S{Q,P) — > S{Q,P) (8)C'pi(2) for i£ I. Due to lemma 2.1C, we obtain 
the following morphisms for h and i G /: 

iVf^ : gr^{a)f, gr^(a);,_i ® 0{2). (53) 

Lemma 5.20 Let consider the case A = G and Q as above. We have the following implication: 

Nf'^^(w^{a)^^o) CW^{a)^.2 lo- 



re 



Proof Let describe 6 as 

Z , n 

We know that \ f^\h < C ■ {-\og\z,\y^. Thus we have 

\v{h)W'h<c'-{-\og\t\)-\ 



Here denotes the morphism given in ( |52[ ) for a. Let consider the section s of '^ip*E over A. Let deg(s) be 
the degree of s(0) with respect to the weight filtration of Res(iy5*(6')). Then we have the norm estimate: 

It implies the following: 

By the norm estimate for the sections on the punctured disc, we can conclude that the degree of tp* fi ■ s{0) 
is less than deg(s) — 2. Thus we are done. I 
We have the following immediate corollary. 

Corollary 5.3 For i E I, let TV/^ be the morphism in (^3[). Then we have Nf'f^^g = 0. We also have 
Proof The first claim is obvious from Lemma 5.20. The second claim is obtained by applying Lemma 



5.20 



to the tame nilpotent harmonic bundle {E\ 9\h). I 
Corollary 5.4 Let Nf'f^ be the morphism in ( js^ ) for i £ I . Then Nf'f^ is, in fact, 0. 

Proof Since {S{Q, P),W'^) is a mixed twistor, the vector bundles Qrhia) and Qrh-i{a) ® Opi (2) are 
isomorphic to direct sums of 0{h) and 0{h + 1) respectively. Thus A^/^ is a section of the vector bundle 
isomorphic to a direct sum of 0(1) 

Thus we can 



On the other hand, we know that Nf"^ vanishes at two points {0, oo} due to Corollary 5.4 



conclude that N^j^ vanishes over P^. I 
As a direct corollary, we obtain the following important theorem. 

Theorem 5.2 The morphism iVf : {S{Q,P),W^{a)) — > {S{Q,P),W^{a)) (i G /) give morphisms of 
mixed twistor. 



Proof The claim is equivalent to A^^"^ • W^{a)h C {a)h~2- It is proved in Corollary 5.4. I 



5.4.2 Some consequences 

The theorem implies the following, for example. 

Corollary 5.5 The conjugacy classes of Nf^^ are independent of a choice of\ G for each i £ I . Moreover 
the conjugacy classes of N^{a)\x o-^e independent of a choice o/ A G P for each a G C^. I 



The claim of the corollary 5.5 for A 7^ 0, oo is rather obvious. However the fact that the conjugacy classes 
of A'j^ does not degenerate at A = 0, 00 is not trivial. 

In each point Q G Di, the nilpotent map A'^^ | (a,q) induces the weight filtration Wi \ (a,q)- 

Corollary 5.6 The conjugacy classes of 'Ni\{x,Q) ore independent of{\,Q) GT>i. As a result, the filtration 
(A,Q) 1 (A, Q) G T>i} forms the filtration of^E-Oi ^^.ctor subbundles. 

Proof Let fix A 7^ 0. Then it is easy to see that the conjugacy classes of Ni\(^\^Q) are independent of a 
choice oi Q £ Di. To see it, we only have to use a normalizing frame, for example. 

Let fix Q G -Di. Then we know that the conjugacy classes of A'i|(A,Q) are independent of A. Thus we 
obtain our result. I 

For any subset / C Z, we put 2?/ = HiG/ On T^i, we have nilpotent maps, N[a) — X^igj Oi ■ x>j 
for any a G C^. 

Corollary 5.7 The weight filtrations VK(a)|(A,Q) 0/ A'"(a)|(A,Q) form the filtration 0/ *f by vector sub- 
bundles. 
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Proof Similar to Corollary 5.6. I 
On Dj , we have the residues A^^ | for i < j- We put N{j) — X]i<j ^i\'Dy We have the weight filtration 
W{i) of N{j), which is a filtration of "^S-Dj- In particular, we have the filtrations W{j) on *£-d„ for any 
j <m. 

Lemma 5.21 Let h = {hi, . . . , hm) be an m-tuple of integers. The intersections Hjli ^{j)h.j form a vector 
subbundle of ° E-Vm ■ 

Proof Let fix A 7^ 0. Then it is easy to see that the rank of fl^Li I {a,q) is independent of Q G _Dm_. 

We only have to use a normalizing frame, for example. 

Let fix Q G Dm,. Let I denote the set {i £l\Q £ Di). Let a £ Q>o be an element such that N{a)^(^x^Q'j 
is general for any A. We pick an appropriate point P such that the vector bundle S{Q, P) with the filtration 
W^{a) is a mixed twistor. Then we know that {y^^-^W^ {j)hj is a sub mixed twistor of S{Q,P). In 
particular, we obtain that the rank of fl^li \ (a,q) is independent of A £ Ca- Thus we obtain our 

result. I 

Let Qr^ denote the associated graded vector bundle to W'^{1). We remark the following. 

Lemma 5.22 We have ci{Qrf^ ^^^) — h-rank{Qrf^^^^). Herec\{T) denotes the first Chern class of a coherent 
sheaf T on P"*" . 

Proof If Q G Di is contained in D\ — IJi=2 ^1 ^ then we only have to consider the restriction of the 
harmonic bundle to a curve which transversally intersects with D\ at Q. In the general case, we use the 
topological invariance of the Chern class. I 



5.4.3 The graded part 

Let Q be a point of _Dm_. We put I — {i\Q G P>i\- Let a be an element of Q>o such that N^(a) is 
general. For any j < m, we put N^{j) := J2i<j ■ Let W^{j) denote the weight filtration of N^{j). In 
particular, we obtain the associated graded vector bundle Qr^^^^ of W'^{1). When {S{W, P),W^{a)) is a 
mixed twistor, we have the naturally induced mixed twistor structure on {Qr^ ^^\a)). 

We have the induced morphisms '^'(j) : Qr^ — > Gr^ (g)Opi (2). They are again the morphisms 
of mixed twistors. In particular, the conjugacy classes of N^''^^ are not independent of A G P^. 

We will use the following special case later. 

Lemma 5.23 The morphism 7V^(i'(2) induces the filtration (iV^*^' (2)) on ^r-^f^' = ^r-f by vector 
subbundles. Thus we obtain the graded vector bundle ^'"(11^2) ^''"'h^^'^ * (^^''f'/^'') • ^ 

On we obtain the graded vector bundle Qr''^^ of W(l). For (A, Q) G 2?m_, we have the induced 
filtrations W'^'(m)|(A,Q) on Gr^^x q)- ^^^'^ obtain the morphism A'^^^' (222;)|(a,q) G End{Qr^^^ ^j). 
Lemma 5.24 

• The filtrations {W^'"*^' (m)|(A,Q) 1 (-^, Q) G ^m.} form a filtration o/*f|x),„ by vector subbundles. 

• The conjugacy classes of N^^\rri)^(^x,Q) Q'^e independent of a choice of {X,Q) G I'm- 
Proof Let fix a A 7^ 0. Then the claims can be checked by a normalizing frame. 

Let fix Q G Drn. Let 7 denote the set {i € l\Q € Di}. Let a G Q>o be an element such that N{a)^(^x,Q) 
is general for any A. We pick an appropriate point P such that the vector bundle S{Q, P) with the filtration 
W^{a) is a mixed twistor. 

Then we know that W^''^\m) is a sub mixed twistor of {gr^^'^\W^{a)). Thus the rank of W''^\m)h 
is independent of A. Since is a morphism of mixed twistor, the conjugacy classes are independent 

of a choice of A. Thus we obtain the result. I 

Lemma 5.25 The rank and the first Chern class "/^''JXJ'ha) ^^dependent of a choice of Q and P. 

Proof We have already seen the independence of the rank. Since the dependence of the vector bundle on 
Q and P is continuous, the Chern class is invariant. I 
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5.4.4 The weak constantness of the filtrations 



We continue to use the notation in the previous subsubsections. By using the theorem 5.2, we can show the 
following weak constantness of the filtrations on the positive cones. 

Proposition 5.5 Let a\,a2 G be general. Then W^^(ai) = W'^{a2). 

Proof Let ai be general. We have already known that A*"^ (a) drops the degree with respect to the filtration 
VK^(ai) by 2, for any a. For non- negative fc > let consider the following morphism: 

{N^{a)Y -.gr^ -^gr\®Ori{2k). 

It is isomorphic when a = a\. Thus there is a Zariski open subset Uk oi C" such that (A'^^ (d)) is isomorphic 
for any a £ Ok- Then we know that there is a Zariski open subset U, such that W^{a) — W^{ai) for any 
a £ U. Then we obtain W^{a) = W^{ai) if a is general. I 



6 Limiting harmonic bundle in one direction 
6.1 The method of Comparison 

We put X = A" = {(Ci,...,Cn) e A"}, A := {0 = 0}, and D = U Li for I < n. Let {E,dE,e,h) 
be a tame nilpotent harmonic bundle with trivial parabolic structure over X — D. We have the deformed 
holomorphic bundle (f , D, h) on X — T>, and the prolongment We have the residue Ni ~ Res-p^ (D). 
We have already known that the conjugacy classes of A''i | (a,q) are independent of a choice of (A, Q) £ 



(Corollary 5.6). We have the weight filtration of TVi. For any fc > and h G Z, we have the number 

d{k, h) :— dim PkGrl^^ determined by the conjugacy class of A'^i. 

Let take a holomorphic frame v of *f over X satisfying the following: 

• V = (vk,h.r, I fc > 0, h eZ, J7 = 1, . . . , d{k, h)^ . 

• Ni{vk,h,7i) = Vk,h-2,r, if /i > -fc, and Ni{vk,-k,v) = 0. 

Note that Ni is represented by a constant matrix with respect to the frame v^-pi- 

We put X ■- A" = {{zi, ...,z„) e A"}, Di = {zi = 0}, and D = ULi ^i- We have the morphism 
X — > X defined as follows: 



no) = <! (54) 

Zi, {i > I). 

We obtain the tame nilpotent harmonic bundle (j)* {E, dE,9, h), and the deformed holomorphic bundle 
(!>*{£, n, h). We put £ := (j>*£. We also have the prolongment *f = <j)*'^£. 

We have the projection qi : fl^f — > qlil]^° , and qi : D,]f(logD) — > qlil]^'^ (logO): 



qi fi ■ dzi^ := /i • dzi. 



From the A-connection D = 0*D : r{X,°(j>''£) — > r{X,^(j>''£ igi plQ.]f (log D)) , we obtain the family of 
A-connections along the Zi-direction: 

qi(D) : r{X,''£) — > r{X ,"£ » plql^AilogO)). 

The residue Res^^(qi(D)) is same as (j)*N\. 

We have the holomorphic frame v := ^'u. We have the A-connection form Aev[x,M{r)(^Ox) ofD 
with respect to v, that is, = v-A- dzxj z\. 

Lemma 6.1 The restrictions ^i^. {i ~ 1, . ■ ■ ,1) are constant, say Aq. 
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Proof Clear from our construction. Note that cf){T>i) cT^i- I 
Let V be *f | (o,o) a^nd A'^ be the residue Res(D)| (o,o)- From the pair (V^A''), we have a model bundle 

E{V,N) — {Eo,9o,ho) on A*. We denote the deformed holomorphic bundle by (fo, Do, /lo)- We have the 

canonical frame vo such that DqWq — vo ■ Ao ■ dz/z. 

Let gi denote the projection A" — > A onto the first component. We put £o := qtSo- We have the 

A-connection Do := giDo along the zi-direction. We also put vo '■= qlvo- 

Due to the frames v and vo, we obtain the holomorphic isomorphism $ : °£o — > 

Lemma 6.2 Note the following. 

• We have $ o Do — D o $ = on Vi for i = 2, . . . ,1. Similarly we have o D — Do o = onVi 
for i ^ 2, . . . ,1. 

• We have Res(<I> o Do — D o $) = onVi. Similarly we have Res($~^ o D — Do o ^~^) =0 onVi. 

Proof Clear from our construction. I 
We have holomorphic bundles Hom{°£o,°£) and Hom{^£,°£o). We have the naturally defined family of 

the A-connections along the zi-direction. induced by qi(D) and Do. We denote them by Di and D2. 

The morphism $ and can be regarded as the sections of Hom{^ £0," 8) and H om{^£ Ec) respectively. 

Then Lemma 3.2 can be reworded as follows: 

Lemma 6.3 

• Di$ is holomorphic section of Hom{°£(),'^£) ® p\qlQ,A{\ogO). It vanishes onU'^jOi. 

• D2'l> is holomorphic section of Hom{'^£,'^£()) ® p^g^ f2A(log O). It vanishes on |Ji=2 ^ 

We explain our method to obtain some estimate of norms. We have the metric gj* (fto) of £0. Let a and 
h be functions as follows: 

• a is a positive function defined over A* For simplicity, we assume that a{z2, . . . , Zn) is a polynomial 
of-log|z2|,...,-log|z„|. 

• 6 is a holomorphic function defined over A"~^, such that \h{z2, . . . , Zn)\ < 1 for any {z2, . . . , z„) G A"~^. 
If we are given such functions a and b, we put as follows: 

ho{X,Zl,Z2, ... ,Z„) := 0(22, . . . , 2n) X ho{\, b{z2, ... ,Z„) ■ Zl) 

From the metrics h and ho, we obtain the metrics of Hom{£Q,£) and Hom{£,£o). We denote them by 

I ' \h,ho- 

Lemma 6.4 Let C be a real number such that < C < 1. Let R be a positive number. 

• Assume that $ is bounded with respect to the metrics h and ho on the boundary: 

Ax{R) X {{zi,...,z„)eX-D\\zj\^C}. 
Then $ is bounded over the following region: 

Ax{R) X {(21, ...,z„)eX-D\\zj\<C}. 

• Assume that is bounded with respect to the metrics ho andho on the boundary Ax{R)'x{{zi, z„) G 
X - D,\\zi\ ^ C'}. Then is bounded over Ax{R) x {{zi, . . . , z„) e X - D \ \zi \ < C} . 

Proof Since Di"I> is holomorphic, and since Di<l> vanishes on IJi=i obtain the inequality |Di<l?l^j < 

Ce • Izil""^ over Aa(-R) x {X — D) for any < e < 1. Then we can dominate the values l^l^^jj^^ by the 
boundary values, due to the same argument as that in Proposition Thus we obtain the result. I 

Let use the method. Let M be an integer. We put as follows: 

I 

hAli^, Zl,..., Zn) := ]^(- log j^ij) ■ ^o(A, Zl). 
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Lemma 6.5 // M is sufficiently larger than 0, then $ is bounded. If M is sufficiently smaller than 0, then 
is bounded. 



Proof The claims are consequences of Lemma 6.4 and Lemma 4.15. Note that Lemma [4.1q is stated in 
the case A = 1. However the argument works for any A. I 

We reword the lemma as follows: Let ui be a holomorphic frame of *f over X, compatible with the 
filtration W(l) on Vi. Then we obtain the frame V2 = (/>*i'i of over X. It is compatible with the 
filtration on Vi. We put 2 • k{v2,i) := deg^'-^ (w2,i)- We have the C°°-frame V2 of £ over X — T>i, given by 

v'2, ~ (-log|^i|)-'=(''2')-t;2.. 

Corollary 6.1 Let e and R be any positive numbers. Let consider the following region: 

Ax{R) X (£X-D\e<\z,\, (j = 2,...,0}. 

On the region, the frame v'2 is adapted. 

We also have the following estimate over Ax{R) x (X — D); 

I I 

Cin(- log 1^,1)-^' < \V2.\J^ ■ (- log Izi < C2l[{~\0g\z,\)''. 

i=2 1=2 

Here C'l and C2 denote some positive constant, and M denotes a sufficiently large number. I 

6.2 Taking limit 

6.2.1 Replacement of Notation 

We essentially use the setting in the subsection |6.l[ For simplicity of the notation, we replace X with X, 
and make the same replacement for others. More precisely, we consider as follows: 

We put X — A", Di = {zi — 0} and D — IJi=i foi" ' ^ L^t {E,dE,0,h) be a tame nilpotent har- 
monic bundle with trivial parabolic structure over X ~ D. As usual, (£, D) denote the deformed holomorphic 
bundle with the A-connection. 

Let (j) '■ A" — > A" be the morphism considered in the subsection 3.1 . It gives a morphism (f> : X — D — > 
X -D. 

Assumption 6.1 Assume the following: 

• We have a tame nilpotent harmonic bundle {Ei, 61, hi) with trivial parabolic structure over X — D, and 
{E,e,h) IS (t)* {El, 01, hi). I 

Let (£i,Di) be the deformed holomorphic bundle with A-connection of [E\,9i,hi). On T>i, we have the 
weight filtration W{V) of induced by the residue Res^ij (Di). Let Di be a holomorphic frame of the 
prolongment compatible with the filtration 

Then we have the holomorphic frame v = cji'vi oi'^E over X. It is compatible with the weight filtration 
VF(1.) induced by ResDj (B), which is same as the pull back of the filtration above. 

We put 2 • k{vi) := Aeg^'^^\vi). We have the C°°-frame v' of £ over X - Vi, given by := 
(-log|^l|)-'=(''')■^;,. 

The following lemma is completely same as Corollary p.l[ 

Lemma 6.6 Let e and R be any positive numbers. Let consider the following region: 

{{\,zi,...,Zr,)eX-V \ \\\ <R, e< \z,\, (i = 2, 

On the region, the frame v' is adapted. 

We also have the following estimate over the region Ax{R) x {X — D): 

I I 

ciHi- log < ■ {- log |zir'=("'' < C2 n(- log \z^\)^- 

i=2 i=2 

Here C'l and C2 denote some positive constant, and M denotes a sufficiently large number. I 
By the frame v, we decompose as follows: 



'£ = ^Uh, UH~{v.\deg'^^^\v.) = h). 
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6.2.2 Pull backs 

Let m be a non-negative integers. We have the morphism xpm.i '■ X — > X ov X — D — > X — D, defined as 
follows: 

^m,l{zi,Z2, ...,Z„) := (z™; 22 , • • ■ , Z„). 

Then we obtain the harmonic bundles tpm,i{E, Oe, d, h) on X — D. We also obtain the deformed holomorphic 
bundles and the A-connections , i/i^.iD). We obtain the holomorphic frame v^"^^ oiip^^ ^^S, defined 

as follows: 

We put H*™) := which is an H(r)-valued function. 

Lemma 6.7 On any compact subset K C X — D, the Ti{r)-valued functions {H^"^^} and {iif'™-*"^} are 
bounded independently of m. 

Proof We put H' := H{h,v'). Let K' be a compact subset of A''"^ x A""'. Then A^ x K' naturally 



gives a subset of X — D. We have 4>m,i{^i x K) C A^ x K. Due to Lemma 6.6, H' and H'~^ are bounded 
over the region Al x K (Z X. 
We put as follows: 

1^'''"' = i'kiiv'), H'<-^^ := Hirm,i{h),v'n = rm,iH'. 

Then i^''™^ and i^'^™)"! are bounded over the region Ai x K C X, independently of m. 

Let L denote the diagonal matrix whose (i, i)-component is (— log It is easy to check the 

following relation: 

Thus we obtain our result. I 
We have the A-connection form A € r{X,M(r) (8) pjn^''(log X)) of D with respect to the frame v. We 
decompose A as follows: 

^ = ^^,, Aj er{x,M{r) (g)plq*nA{\ogO)). 

j 

We obtain Aj G M{r) ® Ox satisfying the following: 




Let /a denote the section of End{^£) over X, determined by the frame v and Aj, that is /a . (v) = v ■ Aj. 
The decomposition = Uh induce the decomposition of as follows: 

/Aj = ^ fAj (h,k), fAj {h,k){Uk) C Uh- 

h,k 

The section fj^. i^h,k) induces the section of M{r) ® Ox by the relation /^^ {h,k){i') ~ v ■ Ajf^^.k)- Thus we 
obtain the decomposition Aj = J2h k (h,k) ■ dzj. 

Lemma 6.8 We have the following vanishing. 

• If h > k — 2, we have Ai (h,k) | r>i =0. 

• Ifh> k, we have Aj (h,k) | e>i = for j ^ 2, . . . ,n. 

Proof Since A is the flat A-connection form, we obtain the following equality: 

A ■ 4- ^ A ^ = 0. 

Note that | i>i is constant, by our construction, i.e., d{Anx>i) = 0. It implies that [^i , 1 1> J — for 
any J, in other words, /ai|e>i and /aj Pi are commutative. Hence the sections /aj I-Di preserves the filtration 
on Di. Thus we obtain the second claim. Moreover /aiIOi drops the degree by 2. Thus we obtain the 
first claim. I 
We have the A-connection form of tp^^iD with respect to the frame v^™K We decompose A^"^^ into 

X], A^:"^^ as in the case of A. 
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Lemma 6.9 We have the following equalities: 

In particular, the sequences {A^"^^} converges to — given as follows: 

, , [ Eft7=-Ml(h,h+2) • ^ = 

I Eh^Mi(h,h) -dzj {j / 1). 
/fere tti denote the projection X — > T>i, omitting z\. 

Proof The A-connection form of t/j^ iD* with respect to the frame ijjm.iV is represented by ijjm.i^- Thus 
we obtain our result by a direct calculation. I 

We decompose 6 into Ei=i fi ' dzi/ Zi + E"=i+i fl» ' dzi. Then we have = "t- • V'm,i(/i) ■ dzi/zi + 

EL2 '/'m,l(/0 ■ d^i/zi + Er=i + 1 V'm,l(30 ■ '^^i- 

Lemma 6.10 We have the following inequality independent of m: 

\m ■ V'm,l(/l)U;; i(h) < C* ■ (- log \zi\y^, \tpm,l{f^)\i,'^J_(h) <C ■ {- log \zi\)-^, (2 < j < Z), 
l^m.l(ffi)U,*„.l(h) < C*. (/ + 1 < i < n). 

Proof We have the equality t/;*! ^ ((— log — m^^(— log Thus we obtain the result due to 



Proposition 4.1 I 



In all we obtain the following. 



Lemma 6.11 The sequence {■y'™^} satisfies Condition 3.2, I 



6.2.3 Limit 



We can apply the result in subsection B.S. Let F = Ox-d -Ui be a holomorphic bundle with the frame 

u = (Mi), over X - D. We put e^'"' — v']^]. It is the frame of o^^r X° = {0} x X. The frames 

e'™' and u give the holomorphic isomorphism "l>m : f " — > J" over X — D. 

The morphism induces the structure of harmonic bundle on F. Namely, we obtain the metric /i'-™'^, 
the holomorphic Higgs fields defined over X ~ D, which are the image of tp'^ i^h) and i/'m,i^ via the 

morphism The tuple (i^, ^f, f*™', ft'™') gives a harmonic bundle for each m. 

We obtain the deformed holomorphic bundles with A-connection (JT^™' , D'™' ) . The morphism $m induces 
the holomorphic isomorphism ipm.iS — > JT'™'. Thus we obtain the frame iljrn,i{v^"^^) of .7-''™'' over X — T>. 

Lemma 6.12 We can ptck a subsequence {mi} of {m} satisfying the following: 

• We have the holomorphic Higgs field and the metric h^°°\ The sequence {^'■"'•'} and {/i^™*'} 
converges to 0'°°' and h^°°^ respectively, on any compact subset K C X — D. We denote the deformed 
holomorphic bundle of (F, e''°°\ h'-""^) by 

• We have the holomorphic frame ofv^°°^ o/JT'""' overX — V, The sequence {$m(i'''"*')} converges on 
any compact subset K C X — T>. 



Proof We only have to apply Proposition 3.2 



and Lemma 3.3C. I 



Lemma 6.13 Let N be a sufficiently large number. We have the following estimate over X — T>, for the 
frame v^"^^ = («*°°'). 

l^'°°'U(oo, <c-i- log D^C'-' n(- log 

lye also have the following estimate over X — V, for — v[°°^ A ■ ■ • A vl°°\ 

0<Ci < 
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Proof By our construction of v^"^\ we obtain the estimate: 

< c- (-iog|zii)'=('^') ri(-iogk,i)^ 

i=2 

Hence we obtain the inequaUty in the hmit. 

We have the inequahty < Ci < |fi(t;)|fi. It induces the following: 

Hence we obtain the inequality in the limit. I 

Corollary 6.2 The frame v^°°^ of over X — T> naturally induces the frame of the prolongment '^J^'-°°> 

over X . 

The X-connection form ofW°°^ with respect to the frame is given by A^°°\ I 

6.3 The decomposition in Limit 
6.3.1 Construction 

Let Uh denote the vector subbundle of generated by {vl°°'' | deg^'---'(ui) = /i}. 

Lemma 6.14 The vector bundle Uh does not depend on a choice of the original frame v of^E compatible 
with the filtration W{1). 

Proof Let v be another frame of °£ over X compatible with the filtration W^(j_). We have the holomorphic 
functions bji satisfying Vi = bjiVj. Since v and v are compatible with the filtration we have the 

following vanishing: 

6,, IP, = 0, if deg^(i)(«,) > deg^(i)(«,). 
We obtain the relation of d'™' and ■i)''"' for each m: 



3 



Here we have 2k{vj) — deg^'-'(uj). Then we obtain the relation of and t)^°°' as follows: 

Here tti denotes the projection X — > T>i, omitting the first component. Thus Uh does not depend on a 
choice of the original frame. I 
Thus we obtain the decomposition — @y^Uh- 

We have the A-connection form = Y!j=i ' dzj/zj + ' dzj of 1D)(°°) with respect 

to the frame v''°°\ Let fj^{<x,) denote the sections of End{J^'-°°^) over X determined by ^j""' and the frame 

Lemma 6.15 

• We have /^(oo) (Uh^ C Uh-2- 

• When j 7^ 1, the morphisms /^(oo) preserve the decomposition = 



Proof The claims immediately follow from Lemma nil and Corollary 6.2 
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6.3.2 Orthogonality 

We put W,^ :=Wh|;,A. 

Theorem 6.1 If h ^ h' , thenUl andUy are orthogonal. 

Proof We only have to consider the case X = A and D — {O}. We use the notation ^pm instead of ipm,i 
for simplicity. We put V — *f °|(o,o) and A'' = Res(D)|(o,o)- We have a model bundle E{V, N) = {Eo, 9o, ho). 
Let {So, Ho) denote the deformed holomorphic bundle with the A-connection. We have the canonical frame 
V of the prolongment *fo, such that IBo ■ v = v ■ N ■ dz/z. 

We put eo :— | a'O • Due to the frames eo and e, we obtain the holomorphic isomorphism I : ^Sq — * 
such that Res(2: 060-60!) =0. We obtain V'm^^ : i/'mf — > V'm^^"- 



We take a limit of {£o,Iio, ho) by using the frame vo, as in the subsection 3.2. Namely we have the 
frames Vg^^ of V'm^-o defined as follows: 

We have the holomorphic isomorphism ^o™, : £0 — > E given by the frames eg'"' and u. Note that we have 

^Om = O tp^I. _ 

Then $0 m induces the holomorphic Higgs field Sq™' and the metric fto™' on F. The tuple {E, dp, ^0'"' > ^o^^) 
gives a harmonic bundle. We denote the deformed holomorphic bundles by (JF^™'' , Dp™'). We also obtain 
the holomorphic frames 'l'om('Uo'"') ^f J^-'q™'. 

For the subsequence {rrii}, we have the limits ^o""', ^0°°' and t'o°°'' of the sequences {6'q"''''}, {^o™''} and 
{$0mi (vo"*'')} respectively. By our construction, we have the equality 6'q°°'' = 9'^°°\ 

From the two harmonic bundles {F, e^°°\ h'-°°'>) and (F, 6l^°°\ we obtain the two deformed holo- 
morphic bundles and Since the underlying C°°-vector bundles of them is same as p^^(F), we 
have the natural C°°-isomorphism T^""' : — > 

Proposition 6.1 

• The morphism J^°°^ is holomorphic. 

• T^°°' naturally induces the isomorphism of the prolongments "So — > 

• T^°°' preserves the weight filtrations of the residues Res(D") and Res(D). 

Proof The holomorphic map X : £0 — > £^ induces the C°°-isomorphism I : £0 — * £ defined over X — V. 
We have the elements Iij{X, z) £ C°°{X — T>) determined as follows; 

j) lij ■ Vi, or equivalently, ^oo{vq^-) ^'^I^j ■ 'l'o(«l°')- 

i i 

Similarly we obtain the functions I^^-^ G C°°(A' — T>) determined as follows: 

i 

Since {$0 ™, («^'"' ' ) } and { (1; ) ) } converge to Vq°°^ and v'-°°'^ in for any large k and for a sufficiently 
large p over any compact subset K C X — T>, the functions {/j'™''} converges similarly. We denote the limit 
by /ij"'. We obtain the following relation; 

(00) (00) 



We will show that I^^^ are holomorphic, which implies that X^""-* is holomorphic. In fact, I^^^ are holo- 
morphic along the direction of A. Thus we will check that are holomorphic along the direction of 
z. 

We use the following lemma. 

Lemma 6.16 Note that we have the equality || ip^if) \\z,c = II / l|z,C" for any C°° -function f on A* such 
that ||/||z.c < 00. 
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Proof By using the real coordinate z = r ■ exp(\/— lo), we have the foUowing: 

Ja'(C) r-(-logr) mj^,^c) V '■■(-logr)y 

Since the degree of the map i/j^ : A(C) — > A(C"") is m, the right hand side is same as the following: 



I , dr ■ da .. .. 

,.(,.,l^lr.(-Iogr)=^ll-^ll--'- 

Thus we are done. 

Let us return to the proof of Proposition 6.1. Note the following equality: 

Thus we obtain the following equality: 

z ■ djlfi^ log i^D^^j-M^-o^j+i ^ ^-1 (^^ . log i^Dfec-.j-M-o.o+i 

Due to the result of Simpson, we know the finiteness for any C < 1: 

\\z- dj,j{^ log |^_^ < 00. 

Thus we obtain the following convergence: 

hm ||2-9.47^(-log|z|)'=('^')-'=('^«^-'+MI „ = hm ||2-a./,^(-log|z|)'=(''')-'=<"°^'+Ml _ =0. 
Thus we obtain the following vanishing: 

11^ • dj^fi- log 1^^^ = 

It implies the vanishing cJz/'°°' = 0. Thus is holomorphic. 

We know that ■ (- log |z|)'=(''-)-fc(''o j) bounded over K x A* for any compact subset K C Ca. Thus 
/f""' is dominated by a polynomial of (— log \ z\) on such regions. It implies that 1^°°^ naturally induces the 
morphism of the prolongments. 

When k{vi) — k{voj) 7^ 0, we have the finiteness: 

It implies that -^f i> = if k{vi) > k{voj) > 0. Namely preserves the weight filtration on V. 

Thus the proof of Proposition |6.l| is completed. I 
We have the conjugate 0'°°' t oF^°°' with respect to the metric We also have the conjugate 9^°°^ ^ 

of &Q°°' with respect to the metric ^0°°'. 

Corollary 6.3 V^^e /ioj;e 6l(°°'t = 6)(°°)t , 

Proof The holomorphic structures of and jTg""-' are given by the following: 

Since the C°° -isomorphism — > p^^(F) — > JT^""' is holomorphic, we obtain the equality _ 
Corollary 6.4 We have the equality: 

g(°°) . q(°°) t ^(00) t . g(oc) _ . ^(oc) t _|_ g(oc) t . ^(00) 

We define the section C G {A* , End{F)) by C ■ dz ■ dz ■- 6^°°^ . 6)(°°) t + t . q(oo) ^ | 

By our construction, we have Ug f^ — on A'" = {0} x X. 

Lemma 6.17 For any P £ A*, the subspace U(}h\{op) eigenspace of C\^q^p) with the eigenvalue 

h ■ ^(P). Here (f>{P) denotes the function as follows: 

-<^(p) = iz(p)r^-(-iog|z(p)i)-vo. 
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Proof Since we have C ■ dz ■ dz = 0q°°^ ■ 6q°°^ ^ + 9q°°^ ^ ■ 6^°°^ , we only have to check the equahty in the case 
of model bundles Mod{l + 1, 1, 1). 

On Mod{l + 1,1,1), we have the canonical frame (e ^ ■ el -, \ p + q — ly Here (ei, e_i) is the orthogonal 



frame for Mod{2, 1, 1), introduced in the subsubsection 3.2.4, We have the following 



z-(~\og\z\y 
Thus we obtain the following: 

C{el-eU)^-{p-l)-^l-^U-^{P)- 

Hence we are done. I 

Lemma 6.18 The endomorphism C\p of E\p is anti-self adjoint with respect to the metric h\p. 

Proof We put — f ■ dz. Let denote the adjoint of / with respect to the metric h. Then C\p is 
f ° f^ — f^ ° f- Thus it is anti-self adjoint. I 

In general, the eigenspaces of the anti-self adjoint operator corresponding to the eigenvalues ai and 
are orthogonal, if ai 7^ a2. Thus we can conclude that W^'i p and U^^np are orthogonal if h and h' are 



different. Hence the proof of Theorem 3.1 is completed. I 



6.3.3 Limiting CVHS in one dimensional case 

We have the following immediate corollary. 

Corollary 6.5 Let {E,dE,0,h) be a tame nilpotent harmonic bundle with trivial parabolic structure over 
A*. Let (F,6^'^\h^°°^) be a limiting harmonic bundle, via the pull backs tpm,i- Then (F, gives a 

complex variation of polarized Hodge structure, up to grading. 

Proof We have the decomposition F = ©^W^- We have already known that Uh and Uh' are orthogonal if 
h ^ h\ and C Uh-2 ® f^A(logO). 

Let a be an element of 5*^ = {2 G C | l^l = 1}. We have the morphism pa : F — > F given by 
pa '■= ®i^a,~'^ ■ id^o . It gives the isomorphism of the Higgs bundle {F, 6^°°^ ) and (F, a ■ 6^°°^ ) . It also gives 
the isomorphism of the hermitian metrics. Hence we obtain the S'^-action on the harmonic bundle on the 
harmonic bundle {F,6^°°\ h^°°'>). Thus it gives a complex variation of the polarized Hodge structures. (See 
H and Q. See also Appendix.) I 

Let use the real coordinate z — r ■ exp{y/—la). 
Proposition 6.2 The T-L{r)-valued function H{h^ °°),i;(°°') IS independent of a. 

Proof Let consider ii"'™' = H{'4)*m{h),v^'''^'^), and the restriction of Ji"*'") to 5"^ := { z G C | |z| = a } for < 
a < 1. The components -ff^'™' is contained in the image of the linear morphism: Fm '■ L'^{S\n) — > L^(S'a). 
The image J™, of Fm is generated by the following: 

|exp(^^/i ■ m • Of) I ft G z|. 
Since the intersection f]^. Jm^ is {0}, we obtain the result. I 

6.4 The Chern class of the vector bundle Qr^^^.^ ®^ 



5.4.; . Let consider the case Q G D2. We have the vector bundle 



We use the notation in the subsubsection 
Qr, \ over P . 

Lemma 6.19 Let b denote the bottom number ofWlVj. We have the following: 
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Proof We only have to consider the harmonic bundles as in Assumption 6.1, because the property on 
of S{Q,P) is not changed if we take a pull back via (j) given in (|^. Thus we assume Assumption 
3.1 in the rest of the proof. 

Since the first Chern class is topological invariant, it does not depend on a choice of points P £ X — D 
and Q € D2- We will use it in the following without mention. One immediate consequence is that we only 
have to consider the case Q G D2 — Ui^^i 2 ^1 ^ 

W{JV^<1)(2)) 



Let {E, 9, h) be a harmonic bundle satisfying Assumption 6.1. We denote the vector bundle Grf^^\ 



for {E,6,h) by QrY_^''^^ ' ' (i?, 0, ft) to distinguish the dependence on {E,6,h). 

Let take a limit {F,9^°°\h^'^'^) of {E,e,h) as in the subsection p.2l We obtain the vector bundle 

We need the following lemma. 
Lemma 6.20 We have the equality of the Chern classes: 

ci[Gr^^)^_^ "-'{F,9^ ',h' >)j = ci\gr^^\^ "-'{E,9,h)j. (56) 

Proof We denote the vector bundle S{Q,P) for {E,9,h) by S{Q, P, {E,9, h)). Let ty be a normalizing 
frame of the deformed holomorphic bundle (f ,D) of {E,9,h) over — VK Assume that w is compatible 
with the filtration W(l). We put, as usual, ui''"' := ip^{wi) ■ m~'°'™'-'. Here we put 2 • k{wi) = deg^'--' (wi). 
Since it gives the normalizing frame of , D'™'), we obtain the following natural isomorphism: 

S{Q, P, rmiE, 9, h)) ~ S{Q, V'™(P), {E, 9, h)). 

The isomorphism preserves the nilpotent maps A'^^ and A^^. Thus we obtain the following: 

Let pick the subsequence {rrii} of {m} for the limit (F, We can assume that the se- 

quence of the frames {$™^, (ly'™-')} converges to w^°°\ Then the sequence of the gluings of the bundle 
S{Q, P, ip*rn{E, 9, h)) converging to the gluings of S{Q, P, {F, 9^°°K, h^°°^)). In Lemma and Corollary 
we have seen the following: 

• The conjugacy class of N{1) is not changed in the limit. 

• The conjugacy class of A'^^''(2) is not changed in the limit. 

Then the gluing s of the vector bundle Sr^lf^"^*"'® (^Vm, (S, 6*, /i)) converges to the gluing of the vector 

bundle Gr^^^^^ ^^-\F,9^°°\ h^°°^). Since the Chern class is topological invariant, we obtain the following 
for sufficiently large m^: 



Cl 



GrZ'^r^'-' {rr., {E, 9, h))) = c. (er-:-;*^''® (F, 9^-\h^-^)) . 



Thus the proof of Lemma 6.20 is complet ed. I 

We can assume that the harmonic bundle considered is a 



Let us return to the proof of Lemma 



6.19 



limiting harmonic bundle in one direction. Let Q be a point contained in D2- Let consider the tuple of vector 
space V := °£\(x,q) and the nilpotent maps A/i := Ai | (a,q) and A2 := A2|(a,q). The tuple (V,A/i,A/'2) is 
decomposed as follows: 

Lemma 6.21 There exists the number M and the following data: 

• Vector spaces Vi a for i = 1,2 and for a — 1, ... , M . 

• Nilpotent maps Nia £ End{Via) for i = 1,2 and for a = 1, . . . ,M . 
They satisfy the following: 

• V is isomorphic to a direct sum Via ® V2a. 

• Under the isomorphism above, the nilpotent map Mi is same as y^^^^ A/"i a idy^ „ . 

• Under the isomorphism above, the nilpotent map M2 is same as X]a=i *^^ia ® A/'2a. 
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Proof We use the notation in subsection 5.2.2, We have the decomposition ^£ — ®i^Uh satisfying the 
following: 

(Wh) CWh-2, /,(oo)(Wh) C Wh. 

The space ®i^Uh \ (a,q) is naturally isomorphic to the graded associated vector space of the weight filtration 
of Ml. Thus we can decompose Uh\ (a,q) into the primitive parts. Since Ni and N2 are commutative, the 



primitive parts are preserved by I\f2- Hence we obtain Lemma 3.21. I 



Let compare the filtrations W{X\x,q), W^(2)|(a,q) of '^Ska.q), and W {N'^^\2)\x,q) oi Gr^^^ = Gr'^'-^K 
For simplicity of the notation, we omit to denote the notation of the restriction '|(A,Q)'. Let b be the 
bottom number of the filtration Let t; be a non-zero element of W{l)b- We have the degree of v 

with respect to the filtration 14^(2), which we denote by deg^^-'(w). Since we have the natural isomorphism 
W{l)b — Grl^\ we have the degree of v £ Gr^^^ with respect to the filtration W{N^^\2)). The degree is 
denoted by deg^f^*'' (2)) („). 

Lemma 6.22 We have the following equality: 

deg^(iv<^'(2))(„) + ;,^deg^(2)(„)_ 



Proof Due to the decomposition as in Lemma |6.2l| , we only have to consider the case: V = Vi ® V2, 
A/i — N[ ® idv2, and M2 ~ idy-, ® A/2. In this case, we can check the equality by using the decomposition 



as in the subsubsection 2.2.1. I 



Thus we obtain the following implication of the vector subbundle over S{0, P) for any point P: 

Vy(ivA(l)(2)) ^ W(]V^(2)) 
^ b,h2 ^ ^' b+h2 

Let pick an appropriate point P from the curve {{t,t, C3, . . . , Cn) £ X — D}. Then S{0, P) with the filtration 
W^{2) is a mixed twistor. Then Gr^^J~''^ is isomorphic to a direct sum of Opi (6 + h2). Thus we obtain 
the following inequality: 



ci 



< (fc + /^2)-rank(</f^'^'(^»). (57) 
On the other hand, we have the following equality: 



Note the following equalities: 

^rank(g<if"'^'(^») =rank(g.l^)), ^ . rank^^f"'^' ®)) = 0. 

h2 h2 

Thus we have the following equality: 



hi 



The inequality ( p7[ ) and the equality imply the equality (jHHj). Hence the proof of Lemma 3.19 is 



completed. I 

7 The constantness of the filtrations on the positive cones 
7.1 Preliminary norm estimate 

We put X = A" = {(Ci, . . . ,C-) e A"}, A := {C^ = 0}, and D = Ur=i A. We also put D„ = n,<„ Dj- 
Let {E,dE,0,h) be a tame nilpotent harmonic bundle with trivial parabolic structure over X ~ D. We 
have the deformed holomorphic bundle (£,D,/i) on X — T>, and the prolongment *f . We have the residue 
Ni := Resri. (D). For an element a = (oi) G C", we put X(a)\^x,o) '■~ X]r=i ""^ ' \ (a,o)- We denote the 
weight filtration of N{a)\(x,o) by W''(a)|(A,o)- 



We have already known the following (Proposition |5.5| and Corollary 5.7) 
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Lemma 7.1 If N{ai)^(x,o) o.nd N[a2)\{\^o) be general in the sense of Definition 2.14, then Vy(ai)|(A,o) = 
VF(a2)|(A,o)- <^^^o know that if N{ai)^(^^ o) general, then N{ai)^(y q) is general for any A'. I 
Thus we say a is general if N{a)^fx,o) is general for all A. In the following of this subsection, we fix a general 
element a. 

Let d be a positive integer. Let bj = {bj i,bj 2, ■ ■ ■ , bj „) be a general element of Z"o, for j = 1, . . . ,d. We 
put X = {{zi, ...,Zd) & A''}, D^ = {zi = 0}, and D = U^li A. We also put 5„ = f].^^ Dj. We have the 
morphism / : X — > X defined as follows: 



r(co = n 



^3 



Note that we have /(A) C D^. We put {E,e,h) := f*{E,e,h). We also put (£:,D) = /*(£■, D). 

Let D be a holomorphic frame of "£ over A", which is compatible with the filtration W{a) on D^. We 
put 2 ■ fc(wi) = deg^'°'(?;i). We obtain the frame v ~ fv, which gives the frame of We obtain the 
C°°-frame v' defined as foUows: 

-^logl^jl) ' -v^. 
Proposition 7.1 The frame v' is adapted over Ax{R) x {X — D) for any R > 0. 

Proof We use an induction on d. We assume that the claim holds for d — 1, and we will prove the claim 
for d, in the following. The assumption will be used in Lemma 7.5. 

First of all, we note the following: Let di be another holomorphic frame of over D, which is compatible 
with the filtration W{a). Then we obtain the C°°-frame Vi by the same procedure. 

Lemma 7.2 Ifv'i is adapted over A\{R) x {X — D), then v' is adapted over the same region. 

Proof We have the relation Vi — "^^Cji ■ v\j over X. Since v and v\ axe compatible with the filtration 
W{a), we have the following: 

deg^<")(^;0 < deg^("'(z;i,) ^ c,.(A,0) = 0. 
We have the following relation: 

j m — l 

If —k{vi) + k{vij) > 0, then f*{cji) is of the form (nm=i •^™) ' 9 ^™ some holomorphic function g over X. 



Hence the transformation matrices of v' and v'x are bounded. Thus we obtain Lemma 7.2. I 
Let us return to the proof of Proposition Let take a holomorphic frame v of over X, satisfying 
the following: 

• i'|(A,o) is compatible with the filtration W(a)\^\^o) for the general a. 

• For 61, the representing matrix of the endomorphism bn ■ Ni\ (a,o) with respect to the frame U|(a,o) 
is constant, in other words, independent of A. 

We only have to check the claim of Proposition for the frame v. 

We have the A-connection form ^ of D with respect to v. We decompose A as follows: 

We denote the A-connection form of D with respect to the frame v hy A = ^i- We have the following: 

n n d ■, d n , 

^ = /*-4 = E /* (^0 • /• ( f ) = E /* (^0 • (E - f^) = E (E ■ f'- 

■i=l 1=1 j = l j = l 1=1 ^ 

We put Aj — X]r=i bji ■ fAi. We also have f{Dj) C {O}. Then we obtain the following relation. 

n 

TV, :=Res^.(D) =E^^"'-/*(f^esi,.(D)|(A,o)), (i = l,...,d). (59) 
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Thus the weight filtration W{Nj) on T>j is naturally isomorphic to the pull back of W{bj) for each j. 
The residue A'^i is represented by the following Af(r)-valued functions with respect to the frame v: 

n 

1=1 

Note the following lemma. 

Lemma 7.3 | f, . is constant, say A, for any j — 1, . . . , d. 

Proof Recall that we have assumed that X]r=i > ' ^^(-^i O) is independent of A. I 
We put V = *^(o,6) a^nd N = Res.p^(]D))|((,_5). We have a model bundle E{V,N) = {Eo,ho,eo). We 
denote the deformed holomorphic bundle by (fo, Do, ho). We have the canonical frame vo such that HqVo = 
vo ■ A - dz/z. 

Let qi denote the projection A" — > A onto the first component. We put £o := qlSo- We have the 
A-connection Do := giDo along the zi-direction. We also put vo '■= qiVo- 

Due to the frames v and vo, we obtain the holomorphic isomorphism $ ; — > °£- 

Lemma 7.4 Note the following. 

• We have <I> o Do — cii(D) o $ = onVj for j = 2, . . . ,d. Similarly we have (^^^ o qi(D) — Dq o <I>^-'- — 
on T)j for j — 2, . . . , d. 

• We have Res(<l> o Do — qi(D) o $) = on Oi . Similarly we have Res($~-'- o qi(D) — Do o $^^) = on 



Proof Clear from our construction. (See the subsection 6.1 for qi.) I 
We put as follows: 

d 

ho{\,zi,..., Zd) := /lo f A, ]^ Zi 



Proposition 7.1 is a consequence of the following lemma. 

Lemma 7.5 The morphisms $ and are bounded with respect to the metrics h and h^, over Ax{R) x 
(X-D). 

Proof Let a be an element of A*. We put Xa = {{a,Z2, . . . , z„) G X}, and Dai '.~ Xa D Di. Since Xa 
is (d — l)-dimensional, we can apply the assumption of the induction of the proof of Proposition to 
Xa — > X. Then we know the following: We have the -frame v* defined as follows: 



3=2 



• Vi 



Here we put 2 ■ k{vi) — deg'^^"-'(t;i). Then v* is adapted over A\{R) x {Xa — Da). 
On the other hand, we have the C°°-frame v* over Xa defined as follows: 

Then it is easy to see that v* is adapted over Ax{R) x {Xa — Da), due to our construction of vo and the 
metric ho. 

Thus we obtain the boundedness of the morphisms $ and over the boundary Aa(-R) x {(^i, . . . , z„) G 
X — D I |2:i| = C}. Then we obtain the boundedness of "1> and on the region Aa(-R) x {{zi, . . . , Zn) € 
X ~ D \ \zi\ < C} due to Lemma 6.4. I 

Thus the induction of the proof of Proposition 7T can proceed, namely, the proof of Proposition is 
completed. I 
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7.2 Taking limit 

7.2.1 Replacement of Notation 



We essentially use the setting in the subsection 7.1, by putting d — n. For simplicity of the notation, we 
replace X with X, and make similar replacements for others. More precisely, we consider as follows: 

We put X — A", Di — {zi — 0} and D = IJ"=i ^i- Let {E, Oe, 0, h) be tame nilpotent harmonic bundle 
with trivial parabolic structure over X — D. As usual, (i£,D) denotes the deformed holomorphic bundle with 
the A-connection. We assume the following: 

Condition 7.1 

• There is a tame nilpotent harmonic bundle [E\,9\,h\) with trivial parabolic structure over X — D. We 
denote the deformed holomorphic bundle by (fi,Di). 



• There are general elements bj £ 7j"q {j — 1, . . . ,n), and f : X — !• X as in the subsection 7.1 

• We have f*{Ei,ei,hi) ^ {E,e,h). 

• We have a frame vi of^Ei compatible with the filtration W[a) on Cx x {O} for general a G C". And 
we have v = f*{v\). I 

By the frame v, we decompose "£ as follows: 

= Uh, Uh := I deg^(^i'(«0 = h). 

h 

We put 2 ■ k(vi) — deg^^^i-* (wi). Recall that the degrees of Vi with respect to the weight filtration W{Nj) 
are independent of j, i.e., deg^'-^^ = deg'^'^i' (ui). 

7.2.2 Pull backs 

Let m be a non-negative integers. We have the morphism i/jm.n : X — > X or X — D — > X — D, defined as 
follows: 

i>m,n[Zl, Z2,. . . , Zn) ~ (Zi , Z2 , ■ ■ ■ , Z„ ). 

Then we obtain the harmonic bundles Oe, 0, h) on X~D. We also obtain the deformed holomorphic 

bundles and the A-connections (i/jj^ ^^iS, ?/>^.„D). We obtain the holomorphic frame w'™' of i/i^ , defined 
as follows: 



V. 



(m) 



= V'™!„(«o-m-'='"-). 



We put i?'™' := H{i>:^{h),v^"'^), which is an 7i(r)-valued function. The following lemma can be shown by 
an argument similar to the proof of Lemma 3/? , by using Proposition [7.l| . 

Lemma 7.6 On any compact subset K C X — D, the TL{r)-valued functions and {i?'™'^^} are 

bounded independently of m. I 

We have the A-connection form A G T{X , M{r) ® p\Q}-^ {log X)) of D with respect to the frame v. We 
decompose A as follows: 

A = ^Aj, Aj eT{X,M{r) (^plq*nA{\ogO)). 
i 

We obtain Aj £ M(r)® Ox satisfying the following: 



We decompose Aj into ^j,(h,fc) as in the subsubsection 3.2.2. We have the following: 

^j,(h,fe)(A,0) =0, if/i>fc-2. 

We have the A-connection form AS^'^ of ^m_„D with respect to the frame d We decompose into 
-^j™' as in the case of A. 
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Lemma 7.7 We have the following equalities: 



Zi ' 



In particular, the sequences {^''"'} converges to = A^^^^ given as follows: 



Proof Similar to Lemma 3.£ 



We decompose 9 into X^J^i fj ' '^Zj/zj Then we have tpm,n(^ = X]j ' i^mifj) ■ dzj/zj. 
Lemma 7.8 We have the following inequality independent of m: 

i"l ■ ^m(,fj)U*„{h) < C ■ (-logi2j|)"\ 



Proof Similar to Lemma 3.10 



I 

In all we obtain the following. 
Lemma 7.9 The sequence {i;''"'} satisfies Condition^^. I 

7.2.3 Limit 



We can apply the result in the subsection as in the subsubsection 3.2.5 . Thus we obtain a limiting 
harmonic bundle {F,0^°°\h''°°^) and the frame of the prolongment ''T^°°\ We have the following 

equality: 

We have the C°°-frame 1;''°°' defined by v\^°°^ = ^— X]J=i l^S l^jl j ' ^^i^^ ■ Here v denotes our 

original frame. 

Lemma 7.10 The frame is adapted. 

Proof Let consider the C°°-frame v' defined as follows: 



V ^ ' := v) 



-2^iogi 



Then w'*-'"^ is adapted, independently of m. Then the adaptedness of v'^°°^ follows immediately. I 
We have the real coordinate zt = ri ■ exp(27r\/— iQi) for i = 1, . . . ,n. 

Lemma 7.11 The Tl{r) -valued function H{h^ independent of ai for any i. 

Proof Similar to Proposition 6.2. I 
We put e'""' = I'l^Q. We have the decomposition of F into ®^ t^h, where Uh denote the vector 

subbundles of F generated by {e,'°°' | deg'^(^i)(eO = h}. Note that Aj h+2) and e*""' determines the 
morphism Uh+2 — > Uh- 

Let pick an element c = (ci, . . . , c„) £ R>o. Then we have the morphism He : H — > X — D defined as 
follows: 

Hc(C) = (exp(27r%/^ciC), . . . , exp(27r^^c„C)) 

We put as follows: 

(Fc,fec,9c) :=H*(F,/i(°°',e(°='), u;, :=H:e(°°\ (7^,^ := H^C/h. 

We use the real coordinate — x + \/—ly. We have the C°°-frame tu^ defined by w'd :— y"*'"'^ . Wd- Here 
V is our original frame. 

Lemma 7.12 

• H{hc,Wc) is independent of x. 
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• We have the following equality: 

j 

. We have A<^°°\o,0) = ^i,(h./.+2)(0, O). 

• The frame w'^. is adapted. I 

We can descend {Fc, hc,Oc) to the harmonic bundle over A* by using the framing Wc. Since H{hc,Wc) 
does not depend on x, it gives the metric he defined over A*. Similarly we obtain the Higgs field 6c and the 
vector subbundles Uh,h defined over A*. 

On A*, we have the following: 

Lemma 7.13 

• We have the following equality: 

/'v^ .(oo)/„ dz 



z 



In particular, 6c is tame and nilpotent. 

• We have the C°° -frame w'c defined by w'd :— Wd ■ (— log where v = {vi) is our original 

frame. Then the frame w'c is adapted. I 

Thus Wc naturally gives a frame of *_P„. 

Lemma 7.14 The weight filtration of ^ ■ Cj ■ ^4^°°' (0, O) is same as the filtration {VF; :=®fi<;*t^h|oUG 
Z}. 

Proof We know that |u)ci|hc ~ (— log Izl)*'"'', where v is the original frame. Thus the norm estimate in 
one dimensional case implies our result. I 
We put Ah,h+2{c) :— J2j Cj • Ajhh+2{0,O). The endomorphism N{c)\(o^o) G -End(*£'|{o,o)) induces the 
morphism gh{c) : Gr^'j^^j — > Gr^'^^pQ^. We also have the frame v^^^ of GrJ^QO)'' induced by v. The 
matrix Ah,h+2{c) represents gh+2{c) with respect to the frame v^-^K 
Corollary 7.1 For any k > 0, the following isomorphism is isomorphic: 

<7_fc,_fe+2(c)o-.-o<;fc_2,fc(c) :Gr^|^(o;^) * Gr_^^| (J^^qj . 

Proof We only have to note that "U^ \ o is naturally isomorphic to Gr^'^^' via the frames t)'^' and Wc. I 
Corollary 7.2 The weight filtration of 'N(c)\{x^o-) is same as H^(A'^i)|(a,o) for any A. 

Proof In the case A = 0, it is a consequence of Corollary and the fact that N{c)\^q^o) drops the degree 
with respect to W [Ni)\(q^o) by 2. In the other case, we only have to use the fact that the conjugacy classes 
of N{c)\(x,o) a^re independent of A. I 



7.3 Constantness of the filtrations on the positive cones 

We put X = A", Di — {zi — 0} and D = Ui=i for / < n. Let {E,6, h) be a tame nilpotent harmonic 
bundle over X — D. 

Let Q be a point of Dm. We have the nilpotent maps Nj \ (a,q) (j = 1, • ■ • , rn). For any element a £ R™oi 
we put 7V(a)|(;^ Q) := ^i=i ' I (^.Q)- ^('^)|(a,Q) denote the weight filtration of N[a)'^(^x,Q)- 

Theorem 7.1 The constantness of the filtration on the positive cones holds. Namely we have V[^(<1i)|{a,q) = 
M^(a2)|{A,Q) forai,a2 € R.>o, where I denotes any subset of m. 

Proof We only have to check the following: Assume that aij and 02 j are positive for j = 1, . . . , k. Assume 
that aij=a2j=0iorj = k+l,...,l. Then V[^(ai)|(A,Q) = W(a2)|(A,(5)- 

Since such property is not depend on A, we only have to check the claim in the case A = 1. Then, by using 
the normalizing frame, we know that we have to check such claim when m — k, i.e., Q £ F>k~[Jj^f.{Di^r]Dj). 

We only have to check the claim when m = k = n. For, we take an m-dimensional hyperplane, which 
intersects with Dm transversally at Q. 

Thus we have reduced the theorem to the following claim: 
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We put X = A" and D — ljr=i ^et {E, ds, 0, h) be a tame nilpotent harmonic bundle over 
X — D. Let O be the origin. We have the residues A'^^ | (a,o) ^ ~ i, ■ ■ ■ ,n. We have W{ai)^(^x,Q) ~ 
W{a2)\(x,Q) if ai € R^,,- 
The foUowing lemma can be shown by an elementary argument. 

Lemma T.15 Let a be an element o/R>o. Then there exists general elements 61, . . . , b„ contained in Q>o 
and positive numbers ai, . . . , an satisfying the following: 

n 

a = • bj. 

i=i 

Proof For example we can argue as follows: Let take general elements Cj £ R.>o sufficiently close to 

(0, . . . , 0, 1, 0, . . . , 0). Then a is contained in the positive cone generated by Ci {i — 1, . . . ,n). 

We take di G Q>o sufficiently close to Ci. Then di are general, and a is contained in the positive cone 
generated by di. 

We take bi £ Z"o such that bi — d - di for some d G R>o. Then the tuple (bi, . . . , bn) have the desired 
property. I 

Then we take the morphism / : X — > X for (61, . . . ,bn) as in the subsection 7.ll. F or the harmonic 
bundle f* {E,6,h), we have already known the con stantness of the filtrations (Corollary |7.2| ) . Hence we know 
that a is general. Thus the proof of Theorem 7.1 is completed. I 

We restate a limiting mixed twistor theorem. Let Q be a point of D = lj'=i We put I = {i\Q £ Di}. 
Then we put iV'^(/) := Y^i^i . We denote the weight filtration of N^{I) by W^{I). 

Theorem 7.2 • Let U be any neighborhood of Q . For an appropriate point P £ Un (X — D) , the filtered 
vector bundle iS{Q,P),W^{I)) is a mixed twistor. 

• For any i £ I, the morphism : S{Q, P) — > S{Q, P) (8) Opi (2) is a morphism of mixed twistor. I 



8 Strong sequential compatibility 

8.1 The comparison in the bottom part 
8.1.1 Two dimensional case 

Let X he {((1,(2) & A^}, A = {0 = 0}, and D = Di U D2. We put {O} = Di n D2 = D2, and Di = Di. 
Let {E, Oe, 0, h) be a harmonic bundle over X — D. We have the deformed holomorphic bundle (f , D) and 
the prolongment We put Ni = Res-Pi (D). On Vj, we put N{j) = Yli<j I Vj as usual. Let W{j) denote 

the weight filtration of N{j). From the filtration we obtain the graded vector bundle Qr^^^ over Vi. 

On Grij^ , we have the induced operator A''''^'(2). Thus we obtain the weig ht filtration W(A;'<^' (2)). 

Hence we have the filtrations W{1) and W{2) of ^£\t>2- Let b be the bottom number of W{1). We also 
have the fihrations W(iV<^' (2))h n Gr';^]^,^ and W'-^^ (2)^ n Gr'-^l^ of Gr'^l^ . We would like to see the relation 
of them. 

Then we have the natural isomorphism Gr^^^ ~ ^^(Dft- Thus we obtain the following inclusion: 

WiN^'\2))H n Gri]l^ C W{l),\r,, C 

We also have the following: 

w<''(2)h n Gri]l^ = Wi2)h n WiDtiT,^. 

Lemma 8.1 We have the following implication: 



Proof We have already known that both of them are vector bundle over V2_ (subsubsection 5.4.3| ). Thus 
we only have to prove the claim on CJ. Let pick A 7^ 0. Let take a normalizing frame v of "£ compatible 
with the sequence of the fihrations iW{l),W{N^^'> (2)))- Namely it satisfies the following: 

• It is compatible with the filtration W(j_) on Di. 
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• The induced frame v^^^ is compatible with W(N^^H2)) on 0(2). 

Let A = Ai ■ dCi/Ci + A2 ■ dC,2/C,2 denote the A-connection form of D"^ with respect to v. Here Ai are 
elements of M(r). We put Ub := {v, \ deg^'-'(«i) = b), which is a subbundle of "S^. 

Lemma 8.2 The vector subbundle Ub is stable under the action o/D^. Namely D'*'(/) is a section ofUb, if 
f is a section ofUt- 

Proof Let /a^ be the endomorphism determined by v and Ai. Then we have fAiiUb) C Ub-2 ~ and 
fA2{Ub) C Ub- It implies our claim. I 
We put X = A^, Di — {zi = 0}, and D — DiU D2- Let consider the morphism / : X — > X defined 
by {zi,Z2) I — > {zi ■ Z2,Z2). We take thejjuU back {£,^^,h,v) := /* (f^, D^, ft, u). We also put Ub ■- fUb- 
Let A denote the A-connection form of with respect to v. Then we have the following: 

T . dzi , ^ . . dz2 
A^ Ai ■ — + {Ai+A2) ■ —. 

Zl Z2 

We take the projection q2 : f^x-c — * qS^a*- Note that we consider the projection onto the second 
component, different from the other cases. Then we obtain the A-connection along the 2:2-direction: q2(D'^). 
By restriction, we have the holomorphic bundle Ub and the A-connection q2(D'^). We put as follows; 

Vb := {v,\deg'^^^\v,)^b). 

Then we have q2(D^)(w6) = ■ A3 • dz2/z2 for some constant matrix A3. 

We put V = (A,o)- We have the induced operator iV<^'(2) on V. We denote it by iV. Note that 

it is represented by the matrix A3 for some appropriate base. Then we have a model bundle E{V, N) = 
{Eo,9o,ho). We have the deformed holomorphic bundle (Sq ,Do) on A*. We also have the canonical frame 
vo such that Do'^o = vo ■ A3 ■ dz/z. 

Let 52 denote the projection Aj x A2 — > A2 onto the second component. We put {£q jBig ,vo) :— 
gJC^^O; Do, f o)- We also put as follows: 

ho{\, zi,Z2) ■— (- log \zi\)^ ■ ho{\, Z2). 

Due to the frames Vb and vq, we obtain the holomorphic isomorphism $ : £q — > Ub, satisfying the 
following: 

cE)oDo-q2(D)o$ = 0. (60) 
The morphism $ induces the morphism Sq — > We denote it by the same notation $. It satisfies (|6C|). 
Lemma 8.3 The morphism $ is bounded with respect to the metrics ho and h. 

Proof We only have to check the boundedness on the boundary {(21, Z2) \ \z2\ ~ C}. Let Vi be an element 
oi Vb- Then we have deg^^Hv,) = b. Thus we obtain the estimate on the boundary, due to the norm 
estimate in one dimensional case. I 
Let Vi be an element of Vb- Due to the lemma, we obtain the following inequality: 

l^^.k<C-(-l0g|2i|)''/2.(-l0g|22l)'=("''. 

Here we put 2 ■ k{vi) := deg^* '"--'(wi). Let consider the curve C(l, 1) — {{z, z) £ X}. On the curve C(l, 1), 
we have the following estimate: 



<C-{- 



z 



x6/2+fe(5i) 



It implies Vi{0) is contained in W{2)b+2k(vi)- Thus we obtain our claim. I 
Lemma 8.4 We have W(iV'''(2))h n Gri^'' = W^''\2)b+h n ^rj,''. 

Proof We will use the mixed twistor structure. Let take an appropriate point P £ X ~ D such that the 
filtration W{2) gives the mixed twistor structure to the filtered vector bundle S{0,P). Then the filtration 

gives a mixed twistor structure to Qr^^K We denote the filtration by W* for 
simplicity. The graded vector bundle is denoted by Qr* . 

On the other hand, we have the nilpotent map A'^'^'(2) : Gr^^^^ — > Gr^^^ ® 0(2). The weight filtration 
is denoted by W'^ , and the associated graded bundle is denoted by Gr . Our purpose is to show that 

= w;:+b. 
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Due to Lemma B.l, we have already k nown that W^jf C Wfl^f,. Due to Lemma 6.19, we have ci{Qr'^^ 



{h + b) ■ ra.nk{Qrf^). Then, due to Lemma 2.19, the vector bundle Gr^ naturally gives a vector subbundle of 



Grl+i,. 

We obtain the inequalities rankC/rJJ" < rankC/»"h+6. We also have the equalities: 



rank^r^ — rank Qr'l^^ — ^^rankC/r^^ 



Thus we obtain the equalities raxikQr^ = rankC?»"h+6. It implies that = W^^i,. I 
8.1.2 Higher dimensional case 

We put X ■— A", Di — {zi = 0} and D — IJi^i for some I < n. Let {E,dE,0,h) be a tame nilpotent 
harmonic bundle with trivial parabolic structure over X — D. We have the deformed holomorphic bundle 
with A-connection (f ,D) and the prolongment We put Ni = Res-Dj(D). 

Let Q be a point of D™, = nj<m m< I. We put iV(i)|(A,Q) = I]i<j Ni | (a,q). We denote the weight 

filtration of N{j)\f^x,Q) by W^(j)|(A.Q)- Let b be the bottom number of W(j_). On W{l)t\ (a.q) — ^^^^(a q)' 
we have filtrations W^<'Hi)|(A,Q) n grl^j;, and WiN'^^Hf))\(^,Q) n Gri^^ Qy 

Proposition 8.1 We have W^(^)(j)h+M(A,Q) n Gri'^^^^Q^ = W (NW (jj)^^^^ ^^ n Gri]\^^Qy 

Proof We have already known that both of them are vector bundles over Dm. Thus we only have to see 
the equality in the case A 7^ 0. 

Jjet take a morphism X - — > X defined as iii^the subsection Let Q E Vi n Vj be a point^such that 
HQ) = Q- Then we have N^^^^^^^ := Res^^ (D)|(;^_q) = 0*^'(i)|(A,Q), and iV^- , (a,q) := ^es^.W\(x,Q) = 

4'* N{j)\{x,Q)- Thus we only have to compare A''i ka.q) and Nj\(x,Q) at {\,Q). 

Since we have assumed A 7^ 0, we can take a normalizing frame. Then we only have to compare in the 
case (A, Q) e n - U,^j,i T>i n n vt 

Let take a two dimensional hy perp lane of X, which intersects D\ n Dj at Q transversally. Then we can 
reduce Proposition B.l to Lemma B.4. I 



8.2 Theorem 

We put X = A", Di = {zi = 0}, and D = ULi ' ^ ^- We put = f]^^^Dj. Let {E,dE,e,h) 
be a tame nilpotent harmonic bundle with trivial parabolic structure, over X — D. We have the deformed 
holomorphic bundle with A-connection (£,0), and the prolongment We put Ni := Res-Di(D). 

Theorem 8.1 The tuple (Ni, . . . ,Ni) is sequentially compatible. 

Proof We have already known the following: 



• The conjugacy classes of A''(j)| g is independent of a choice of Q G Dj (Corollary 5.7). 

• Let h = {hi, . . . , hm) b e an m-tuple of integers. The intersections fljli '^{j)hj form a vector subbundle 
of *fi>^ (Lemma p.2l| ). 

Let Q be a point contained in Dm,. We only have to check that (A'^i | {a,q) , ■ • • , -^m | (a,q)) is sequentially 
compatible^ We have already known that the constantness of the filtration on the positive cone holds 



(Theorem 7.1) 



We use an induction on I. We_put C(l, 1) := {{t,t) G A^} C A^ and C(l, 1)* = C(l, 1) - {O}. By 
considering the restriction of {E, dE,9, h) to C(l, 1)* x A*'~^ x A"^', we obtain that the tuple ((A''i + 
-^2)1 {A,Q), Ng I (A.Q), ■ ■ ■ {A,Q)) is sequentially compatible, due to our assumption of induction. 

Lemma 8.5 The tuple {N2^\ . . . , N^^^) is sequentially compatible. 

Proof Let take a limiting harmonic bundle in one dimensional direction {F, e»(°°) , ) of {E, dE,0, h). We 
have the deformed holomorphic bundle (.7^'°°', D(°°)). Let pick a £ A*. We put X,, ~ {ajxA""^ C A" = X, 
and Dai ■= Di (1 Xa for i — 2,..., I. We have Xa C X and T>ai — T>i f] Xa. We have the residues 
N^J^ ~ Resi,„,(lD)[^j) for i = 2, . . . By our assumption of the induction on we have already known 

that {Nj^'^\ . . . , N^^^) is sequentially compatible. 
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On the other hand, we have aheady seen that the tuple of the vector space "^ka.q) the residues 

(oo) ; 
1^ 



Resxi- (Df°f;^ ^) are isomorphic to the tuple of the graded vector space Qr'^^^ and the residues A*'^'^', due to 



Lemma 3.9 and Corollary |6.2[ Thus we obtain our claim. I 



We kno w th at (A''i, . . . , A*';) is sequentially compatible in the bottom part, due to Proposition i.l. The 



proposition S.l holds for any tame nilpotent harmonic bundle with trivial parabolic structure. Thus we obtain 



the universal seque ntia lly compatibility in the bottom part. Then we obtain the sequentially compatibility 



due to Proposition 2.1, I 



Theorem 8.2 The tuple (Ni, . . . ,Ni) is strongly sequentially compatible. 

Proof Let Q be a point contained in Dm- We only have to check that (A'^i j (a,q), . . . , Nm \ (a.q)) is strongly 
sequentially compatible. We use an induction on m. We assume that the claim for m — 1 holds, and then 
we will prove that the claim for m holds. 

Assume that Q is contained in Dm — [Jh>m.i^sL ^ Dh). Then we can pick a point P £ X — D 
such that the filtration W^{rn) of S{Q,P) is a mixed twistor. By our assumption of induction, the se- 
quence (A''i I (A,Q)) ■ • ■ , -^m-i I (A,Q)) is stroHgly sequentially compatible. We have al read y proved that the 



sequence (A''i | (x,q), ■ ■ ■ , A^m-i | (a,q)i A^m | {a,<5)) is sequentially compatible (Theorem 8.1). Thus we o btain 
that (A^^i I (A,Q), . . . , Nm I (A,Q)) is strongly sequentially compatible in this case, due to Proposition 2.3 

Let consider the case that Q is contained in Uh>m(^2ii'^ D^)- Let pick A 7^ 0. By using a normalizing 
frame, we obtain that (A'^i ^(x,q), ■ ■ ■ , Nm-i \ (\,Q),Nm | (a,q)) is strongly sequentially compatible, if A 7^ 0. We 
put I — {i \ Di 3 Q}. Then we can pick an appropriate P such that (S{Q,P), W^{I)) is mixed twistor. By 
using the mixed twistor structure, we can conclude that (TVi | (o,q) , . . . , A''^ | (o,q) ) is also strongly sequentially 
compatible. 

Thus the induction on m can proceed, namely the proof of Theorem is completed. I 
Theorem 8.3 The tuple {Ni,...,Ni) is of Hodge. 

Proof For any a G £, the tuple {N^f^i^, . . . , N^f^q) is strongly sequentially compatible. Thus we are done. I 

9 Norm estimate and limiting CVHS in higher dimensional 
case 

9.1 Norm estimate 

9.1.1 Preliminary norm estimate 

We put X = A" = {(Ci, . . . ,Cn)}, A = {Q = 0} and D = ULi A ^ny I < n. Let {E,dE,0,h) be a tame 
nilpotent harmonic bundle with trivial parabolic structure over X — D. We have the deformed holomorphic 
bundle with A-connection (fjD) and the prolongment We put Ni — Res-D;(D). Then (A'^i, . . . , A''„) gives 
a strongly sequentially compatible tuple. 

Let u be a frame of °£ over X which is compatible with (A''i, . . . , A'„). We put as follows: 

2 ■ kj{v,) = deg^(i)(^;,) - deg^^i^' (i;.) 

We put X := {{zi,. ..,Zn)e A"}, Di := {zi = 0}, and D = U-^i A. Let (c(l), . . . ,c(n)) be a sequence 
of integers such that < c(l) < c(2) < . . . < c(n). Let consider the morphism <^jv : X — > X defined as 
follows: 



(61) 



[ z, {i>l + 1). 

We put {£,n,h) — 0^(£,D,/i). We also put v = (j)%v. We have the C°°-frame v' defined as follows: 



Vi 



m — 1 t — m 



Proposition 9.1 The frame v' is adapted over A\{R) x {X — D) for any R > 0. 
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Proof We use an induction on I. We assume that the claim for / — 1 holds and we will prove the claim for 



1. The assumption of the induction will be used in Lemma 3.2 



First we note the following: Let vi be another frame compatible with the sequence (A^i, . . . , A*';). By the 
same procedure, we obtain the C°°-frame v'l. 

Lemma 9.1 Ifv'i is adapted over Ax{R) x {X — D), then v' is also adapted over the same region. 

Proof We have the relation Vi = X] j Since v and vi are compatible with the sequence (A'^i , . . . ,Ni), 

we have the following: 

If we put mo{i,j) — min{m\ km{vi) < km{vij)}, then we obtain that bj i^r,^^^. — 0. Since we have 

4>N(T)t) C ©molij) for t > mo{i,j), the holomorphic function 4>*jqbji is of the form g ■ nl=mo(i j) ^' ^'^^ some 
holomorphic function g. 

We have the following relation: 

j m — 1 t — m 

Thus B'ji is bounded over Aa(-R) x {X — D) for any _R > 0. Thus B' is bounded over the same region. 



Similarly, the boundedness of B over the same region can be shown. Thus the proof of Lemma 9.1 



IS 



completed. I 

Let V be a fram e of °£ over X, w hich is strongly compatible with the tuple {Ni,...,Ni) (See the 
subsubsection 2.4.3 and Definition 2.29). Then v satisfies the following: 

• v = {vk.h.r, \k>0, heZ\ 77 = 1, ... , d{k, h)). 

• 2 ■ kj{vk.h,.v) = hj. 

• We put S — {1,0, ... , 0). For an element h, the first component is denoted by hi. Then we have the 
following: 

Vk,h-2-Si.ri {hi > —k) 

{hi = -k). 



Ni{vk,h,v) = 



We only have to prove the claim of Proposition for such a frame v. 
As a preliminary consideration, we see the frame 1;° defined as follows: 

j=2 1=3 j=i 

Lemma 9.2 Let C be a real number such that < C < 1. On A\{R) x {(2:1, . . . , z„) £ X — D \ \zi \ — C}, 
the frame v° is adapted for any R > 0. 



Proof Let take a G C such that \a\ = C. We put Xa := {{a, Z2, . . . , Zn) G X} and Dai :~ Di n Xa. 
Then Da = DnX ^ UU-Da.i. We also put Xa ~ {(Ci,...,Cn) G X | Cr*"'"'*'' = o^'*"'"'*'' C2} and 
Dai = Did Xa. Then Da — D 11 X — |Ji=2 ^a.i. We have the isomorphisms: 



Xa ~ {{Z2, Z„) e A-'}, Xa ~ {(Cl, Cs, • • • , Cn) G A"-^}. 

The restriction oi (j)M gives the morphism Xa — > Xa. Applying the assumption of the induction, we obtain 
the result. _ I 

We have the A-connection along the zi-direction qi(D) (the subsection We have the A-connection 

form A ■ dzij Zi of qi(D) with respect to the frame v. We have the decomposition of the frame as follows: 



[J {^k,K,n I 7ri(/i) = 77 = 1, . . . ,d{k,h).^ 



V — 

k>0, igZ'-l 

Here we put n{h) = {h^, . . . , h„) for h — {hi, h2, . . . , hn). Corresponding to the decomposition of the frame, 
we obtain the decomposition of ^f: 

Lemma 9.3 
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• The restrictions {i — 1, . . . ,1) are constant. 

• Corresponding to the decomposition ofS, it is decomposed into Ak,i for k> 0, and I £ Z'""*^. 

Proof The first claim is clear from our construction. The second claim corresponds to the fact that A''i 
preserves the bundles £fc ( for fc > and I G Z'"^ I 

For k > and I G we put Vk,i := .Cfe.(|(o,o)- The morphism A^i induces Nk,i on Vk,i- We 

have a harmonic bundle E{Vk,i, Nk,i) ~ {Eo^k,i,do,k,i,ho.k,i)- We have the deformed holomorphic bundle 
i£o:k,i,^o,ki)- We have the canonical frame vo,k,i ~ {vo,k,h,Ti\Tri{h) = I, ri — 1, . . . , d{k, h)) satisfying 
^o,k,iVo,k,i = vo,k,i ■ Ak,idz/z. ^ 

Let qi denote the projection A" — > A onto the first component. We put (fo,fc,i , Do,fc,i, uo,fc,i) = 
q\{£o.ki,'Do.k,i,vo,k.i)- We also put as follows: 



Let consider the frame Vq k i defined as follows 



1=2 j=2 



I 

ho.k,i (n 



j—2 1=3 j=i 

Note that we have hi = U-i by definition. 

Lemma 9.4 Let C be a real number such that < C < 1. The C°° -frame Vq f. i is adapted over A\{R) x 
{{zi, ...,z„) & X - D \ \zi\ = C} for any R> 0. 

Proof Clear from our construction. I 
We put as follows: 

{£o,'Do,ho,vo) ■- ^ ^ {£o,k.i,'Do,k.i,ho,k,i,vo,k.i)- 
fc>Oiezn-i 

By using the frames vo and v, we obtain the holomorphic isomorphism <1> : £o — > £. The proof of Proposition 
3.1 is reduced to the following lemma. 

Lemma 9.5 The morphisms $ and are bounded with respect to the metrics h and ho, over Aa(-R) x 
{X - D) for any R>0 

Proof We only have to check the boundedness on the boundary Aa(-R) x {{zi, . . . , Zn) G X — D \ \zi \ = C}, 
which we have already seen (Lemma 9.2 and Lemma 3.4). I 
Thus we obt ain the adaptedness of the frame v. The induction on I can proceed, namely the proof of 
Proposition 9.1 is completed. I 

9.1.2 Replacement of Notation 

We put X = {{zi,...,Zn) G A"}, Di = {zi = 0}, and D = ULi ^» ^ < Let {E,dE,0,h) be a tame 
nilpotent harmonic bundle with trivial parabolic structure over X — D. We have the deformed holomorphic 
bundle with A-connection {£,!$) and the prolongment *f . We put Ni — Resi>;(D). We take a holomorphic 
frame v of *f , which is compatible with (A''i, . . . ,Ni). We take the C°°-frame v' defined as follows: 



v'k.h.r, = Vk,h.r, ■ Wi log \zi\ 



-hill 



Then the following theorem is the reformulation of Proposition 9.1 when we put c(z) — i — \. 
Theorem 9.1 Let consider the following region: 

Z{id,l,N) ~ {izi,...,z,,)\\z,-if < \z,\, 1^2,. ..,1}. 

On Z{id,l, N) , the frame v' is adapted. 
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Proof By the morphism (/)jv, we have the isomorphism of the following regions: 

A*'xA"-' "^"^ . Z{id,l,N). 
Moreover, we have the following replacement: 

I 

-iV'-i^log|^,|«^- log 1^,1, ii<l). 

j = i 

Here we put c{i) — i — 1. Thus we are done. I 
9.1.3 Theorem 

Let a be an element of 6;, and we put Ij — {u{i) \ i < j} for j — 1,. . . ,1. We put T>i. — f^^^jVi. On 
T>i^, we put N{Ij) :— "^Zi^i- ^i\'Di.- We denote the weight filtration of N{Ij) by W{Ij). Then we obtain 
the strongly sequentially compatible commuting tuple {N^^i^, . . . , N^^i-^) and the compatible sequence of the 
filtrations (W(/i), Wih), W{I,)). 

Let u be a holomorphic frame of *f which is compatible with the sequentially compatible tuple {Na^i) , . . . , N^, 
Recall that we have the number deg^'^'--''' (1;^) for any Vi and any j = 1, . . . ,1. We put as follows: 

n I / ^ J N , W(I(j-l)), •. 

2 ■ kj[Vi) ■— deg ^""(ui) — deg (^0- 
We obtain the C°°-frame v' defined as follows: 



I 



Recall that Z{a,l,C) denotes the following region: 

Z(cr, C) := {(2:1, . . . , z„) G A*" I \z„(i-i)f < |2<T(i)li i = 2, . . . , Z}. 

Then we obtain the following theorem, which is the norm estimate in higher dimensional case. 
Theorem 9.2 Let C be a real number such that C > 1. The frame v' is adapted on Z{a, I, C). 
Proof Clearly we only have to consider the case a = id. We can choose a natural number A'' larger than 



C. And then, we only have to apply Theorem 9.1, I 



Corollary 9.1 Let f be a holomorphic section compatible with the sequence of the filtrations: 

{W{Ii),W{l2),...,W{L)). 
We put 2 • kj{f) := deg^'-^^j' (/) — deg'^'^J -!-'(/). Then we obtain the following estimate on Z{a, I, C): 

o<ci< \f\h ■ n(-iogi^-o)i)"''"' < 

Here d (i = 1, 2) denote positive constants. I 
9.1.4 Norm estimate for flat sections 

We give a brief argument to obtain a norm estimate for fiat sections. For simplicity, we consider a tame 
nilpotent harmonic bundle {E,dE,d,h) with trivial parabolic structure over A*". Let (f^,D^) denote the 
corresponding fiat bundle, that is the deformed holomorphic bundle over {1} x A*". 
Let P be a point of A*". Let ji denote the loop defined as follows: 



2i(7i(*)) 



z^{P) ■ exp{27vV^t) {j = i) 



Then we obtain the monodromy M{'yi) G End{£^p). Since it is unipotent, we obtain the logarithm N{'Yi) G 
EndiS^p). 

Let a be an element of ©„. Then we obtain the sets Ij = {(j{i) \ i < j}. We put N{Ij) := Xiig/ -^(lO- 
It induces the weight filtration W{Ij). 
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Lemma 9.6 We have the following implication: 



N{I,)iWih)h] C W{h)h [k < j) 
N{I,)[Wih)h] C W{h)h-2 [k > j). 



Proof This is a consequence of Theorem 5.2 and Theorem 7.1 



We put M :— {( = X + \f—\y G C\y > 0}. Then we have the covering tt 
Zi — exp(27r\/— l^i). We put as follows: 



Z{a,n, C, A) ■— + . . . , a;„ + \/~-iy„) G 



|:ci| < A, i = 1, 

C ■ 2/1-1 > Vi, i = 2, 



A*" given by 
n J 



Let take the pull back n*{£^,'D^ , h). Let P be a point of Z{a, n, C, A) such that tt{P) — P. 

Let take a non-zero element v of f|p. We have the numbers hj := deg'^'^J ' (ii). We take a flat section / 
such that 7r*(/|p) — v. We have the following estimate of the norm of /. 

Theorem 9.3 There exist positive numbers Ci and C2 such that the following equality holds on Z{a, I, C, A): 

n 

Proof We give an only indication. We put as follows: 

(? = exp(^(0-0(i5)) -^(tO) ■/• 

Then g is a holomorphic section of £^ defined over A*. In fact, it is a section of compatible with the 
filtrations on the div isor s. Thus we obtain the norm estimate for g. 

By using Lemma 9.6, we can show that the logarit hmi c order of the norm of g — / is lower than /. Thus 
we obtain the norm estimate of /, by using Corollary Ell I 



9.2 Limiting CVHS 
9.2.1 Taking a limit 

We put X = A", Di — {zi = 0}, and D — ljr=i non-negative integer m, we have the morphism 

X — > X defined as follows: 

[Zl,...,Zn) I > (Zi ,...,Z„). 

We will consider a limit of harmonic bundle via the pull backs of {xpmn \ m G Z}. 

Let {E, dsyO, h) be a tame nilpotent harmonic bundle over X — D. We have the deformed holomorphic 
bundle with the A-connection by (f,D) and the prolongment ^f. Let u be a holomorphic frame of °£, 
compatible with the filtration W{n) on ©n. We put 2 ■ k{v,) = deg'^^^\v^). 

Then we obtain the harmonic bundles ijj^^n^E, ds, d, h) on X — D. We also obtain the deformed holo- 
morphic bundles and the A-connections (i/i^ ^^f , i/;j!^i_,jD). We obtain the holomorphic frame of i/)J^.„*f , 
defined as follows: 

We put ■- H{ip:^^„{h),v^"'^), which is an H(r)-valued function. 

Lemma 9.7 Let K be a compact subset of X — T). On K, the functions H^"^^ and H^"^^ ~^ are bounded 
independently of m. Moreover, we have the following estimate for sufficiently large M and for a positive 
constant C, independently of m: 

n 

\v'r'U*^(^)<C-\l{-\og\z^\r (62) 

i = l 
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Proof We only have to consider the boundedness on a compact subset K C Ca x Z{a, n, N) when a — 
id £ 6n- Note that Z{id,n, N) is stable under ^m,n- 

Let ty be a holomorphic frame of *f over X, which is compatible with the sequence of the filtrations 
(iV(l), iV(2), . . . , N{n)). We have the C°°-frame w' over X ~V, defined as follows: 

n 

Here we put 2 ■ kj{wi) := deg*^"-^^ (wi) — deg'^^^^-'(wi). As we have already seen, the frame w' is adapted 
over Aa(-R) X Z{id,n, N), namely, H{h,w) and H{h,w)~^ are bounded over Aa(-R) x Z{id,n, N) for any 
R> 0. It implies the boundedness of the functions {H{-tp^^„h,'tpm,nw')} and {H{'tli^^„h,'tpm,nw')~'^} . 
We put 2 ■ k{wi) = deg^'-'('u;i). Then we have the following equality: 

n 

kj{wi) = k{wi). 



We have the following relation: 



Here we put ui^^"*^ ~ i'm^ni'Wi) ■ n~^^^'-\ Let L denote the diagonal matrix whose (i, i)-component is 
nj=i(-logi2j|)'''^*'"'-'- Then we obtain the following relation: 

Thus we obtain the boundedness of {//(i/;^ ty over a compact subset K C Ca x Z{id,n, N), in- 
dependently of m. Similarly we obtain the boundedness of {H('ip^^„h,w^™''')^^} over a compact subset 
K C Ca X Z{id,n, N), independently of m. 

We have the relation v — w ■ B, namely we have the following equalities: 

Vj = '^bij -Wi. 

i 

Note that bij{X,0) = if k{vj) < k{wi), for both of v and w are compatible with the filtration Win). We 
have the relation ■u*'"' = to'™' ■ S'™'. The component of S'™' is determined by the following: 



— k(vT) + kiwi) (m) 



Namely we have B^^' = i/'m,n(6ij) • m-*(''j)+'=("''\ It implies the boundedness of B^"*' independently of 
m. Similarly we obtain the boundedness of _b'™^ Thus we obtain the boundedness of H^"^^ and H^"^^ ~^ 
over any compact subset K, independently of m. The estimates ( |62| ) are also obtained. I 
Let consider D,{v) = vi A ■ ■ ■ A Vr and n{v'-"^^) = w^™' A • ■ • A ur^'. 

Lemma 9.8 Let R be any positive number. There exist positive constants C\ and C2 satisfying the following 
inequality over {(A, P) £ X — T> \ \\\ < i?}, for any m: 

< Ci < < C2. 

Proof Since Q.(v) gives a holomorphic frame of det(*f), we have the following inequality for some < 
Ci < Ca: 

< Ci < l!^(t;)lh < Ca. 

Then it is clear we obtain the result. I 

We put Uh ~ {vi I deg'^'-'(iii) = h). We have the A-connection form ^ of D with respect to the frame 
V. We decompose A into "^^Aj — "^Aj ■ dzj/zj. We also decompose Aj into Aj ^h_k) corresponding to 
the decomposition = © (see the subsubsection 3.2.2). By our choice of Uh, we have the vanishing 
Aj (A, O) = when /i > fc — 1. 

Let — X^-^j™' denote the A-connection form of t/j^!^© with respect to the frame v'-^^K 
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Lemma 9.9 We have the following equalities: 

dz 



Zi ■ 



^(m) _ ^ tp'^ .^Aj (^^fc) 
h,k 

In particular, the sequences {^''"'} converges to = A^^^^ given as follows: 



Proof Similar to Lemma 3.9. I 
We decompose 9 into ^ fj ■ dzj/zj. Then ijj^d = '^2,- m ■ tpm]n{fj) ' dzj/zj. Since we have the estimate 
\fj\h < C* • (— log |2j|)~^, we obtain the following estimate independently of m: 

\m ■ V'm,n(/j)U^(h) < C • (-logj2jj)"\ 

In all we obtain the following. 
Lemma 9.10 The sequence {v'^™'^} satisfies Condition 3.2 



We can apply the result in subsection as in the subsubsection 3.2.c . Then we can pick a subsequence 
{nii} of {m} and the limiting harmonic bundle {F,9''°°\h^°°^) for {rui}. We also obtain the deformed 
holomorphic bundle with A-connection , D'°°') and the holomorphic frame v^°°\ Due to the estimates 

(|6^), we obtain the estimates < C ■ YVj^ii^^'^sl^jl)^' for sufficiently large PL We also obtain 

the estimate < Ci < 

(i'*°°')lh(~)- Thus naturally gives a holomorphic frame of the prolongment 

0^{oo) ^ 

We have the decomposition J^^°°^ = ®h^h; where Uh denotes the vector subbundle generated by 
I deg'^f^' v.^h}. 

Lemma 9.11 The subbundles Uh are independent of a choice of the original frame compatible with W{n). 



Proof Similar to Lemma 3.14, I 
We have the A-connection form = ^ A*°°'d2j/zj of D'°°^ with respect to the frame Let 

/^(oo) denote the endomorphism determined by and d'""'. 

i 

Lemma 9.12 We have f^(<x) (Uh) C In particular, we obtain 9(h(h) C Uh-2 ® ^^x-d- 

j 

Proof The claim immediately follows from Lemma I 
We have the H(r)-valued function H{h^'^\v^°°'^). We use the real coordinate Zi — rt ■ exp(27r\/— loj) for 
i — 1, . . . ,n. 

Lemma 9.13 The function H{h^ independent of ai for any i. 



Proof Similar to Proposition 6.2 



We put ■- U\x>- -!:>>•■ 
Theorem 9.4 If h ^ h' , thenU^ andUl, are orthogonal. 
Proof We put A^^",^ = R^q n A*". We have the following: 

i;(°°))(ri ■ exp(27rV=T"Qi), ■ • ■ r-„ ■ exp(27r^a,0) = «'°°^)(ri . . .r„). 

Thus we only have to check the orthogonality over A|(^^. 

Let (ri,...,r„) be an element of A^"^. Then we have the real numbers Qj > satisfying rj = r^\ 
The real numbers Qj can be approximated by rational numbers. For any h G Z"o, we put Ch,,R,+ ~ 
{(f**! , . . . , t''") I < t < 1} C Ar"+. Then we know the following set is dense in Ak"+: 

[J Ch,R,+ . 

Thus we only have to check the orthogonality on Ch,R,+. 
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Since we have Ch,R.,+ C Ch, we only have to check the orthogonality 
on Ch- Note that Ch is the image of the morphism : A* — > X ~ D, and that we have the following 
commutative diagramm: 

i'm 1 

A* - . A* 



■1 



X-D - . X-D. 



Thus the theorem 9.4 is reduced to the theorem |6.1| . 

As a direct corollary, we obtain the following theorem. 

Theorem 9.5 The tuple {F,e^°°\h'^'^^) gives a complex variation of polarized Hodge structure, up to graa 
mg. 



Proof Similar to Corollary 6.5. I 



Definition 9.1 The tuple (F, e'^°°\h^°°^) is called a limiting CVHS of (E, e,h). I 



9.2.2 Real structure 

Let consider the real structure of the harmonic bundles. Let {E,dE,0,h) is a harmonic bundle over a 
complex manifold X. 

Definition 9.2 Let l : E — > E he an anti-linear isomorphism. We say that l is a real structure of 
(E, Oe, d, h), if the following holds: 

• I? is the identity map. 

• t preserves the metric h. 

• L replaces Oe and Be- Namely we have i{dEf) = dE^if) a.nd i{dEf) ~ 

• L replaces 9 and 9^ . I 

By the natural anti-linear isomorphism E ~ induced by the hermitian metric h, we can also regard 
L as the holomorphic isomorphism E — > E'^ . 

Remark 9.1 Recall that the harmonic bundle is regarded as a variation of pure polarized twistor structure, 
according to Simpson (^^). Although the real structure of harmonic bundle should be seen from such view 
point, we do not discuss such issue. I 

We put X = A", Di = {zi — 1} and D = [J"^^Di. Let {E,dE,9,h) be a tame nilpotent harmonic 
bundle with trivial parabolic structure over X — D. Assume t hat ( E,dE, 9,h) h as a real structure t. Let 
consider the sequence 9_b, 61, ft)} in the subsubsection 9.2.1. As in 6.2.3, Let F — Ox-d • Wi 

be a holomorphic bundle with the frame u = (uj), over X-D. We put e*'") := v'^^'^l It is the frame of 

"ip^^iS^ over X'^ = {0} x X. The frames e'™' and u give the holomorphic isomorphism $m : f " — > F over 
X — D. The morphism induces the structure of harmonic bundle on F. Moreover we have the sequence 
of real structure (.'"^ which is the image of tpm,n(t-) via the morphism <[>m. 

Note that |V'm,ri(i)|^^ ^(/i) — 1, and they are holomorphic as morphisms ip^^„E — > i/>*„ „i5^. Thus 
we can pick a subsequence {mi} for a limiting CVHS {F,9^°°\h^°°^) such that the sequence {t'™''} also 
converges. We denote the limit by 

Lemma 9.14 1^°°' gives a real structure to the limiting CVHS {F,9^°°\h^°°^). 



9.2 are satisfied. Thus gives a real 



Proof It is clear from our construction that the conditions in 
structure of a harmonic bundle. 

Thus we only have to check t'°°'(W^') = Let consider the filtration W and given as follows: 

l<h l>-h 

From t(6l(°°') = 6l'°°' + , it is easy to see t(>Vh) = Wl^. Then we obtain t(W^) = W°ft, by using the 
orthogonality of them and an easy ascending induction on h. I 

Definition 9.3 The tuple (F, 6'(°°', z,(°°)) is called a limiting RVHS. I 
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9.2.3 Purity theorem 

Recall the setting of the purity theorem, following Kashiwara and Kawai (See and [^^. But our filtration 
is slightly different from theirs. See remark |9^ .) Let F be a finite dimensional vector space and (A''i, . . . , A'^^i) 
be a commuting tuple of nilpotent maps. We put N{j) = 5Zi<j We denote the weight filtration of N{ri) 
by W{n). Let (ei, . . . , e„) be the standard base of Z". We have the partial Koszul complex n(A'^i, . . . , N„). 
The fc-th part n(iVi, . . . , iV„)'° is defined as follows: 

n(iVi,...,iV„)''' = ImiVj® (C-e,/). 
|J|=fc, 

JCn 

Here we put Nj — Ylje j ^-^i^ ~ ^i- '^^^ differential d is given by X]j=i -'Yj ^ ^i- Namely we put 

as follows: 

n 

d{v®ej) ■- ^ Nj{v) ® (ej A e.j). 

The filtration W of Im(A'j ) is given as follows: 

WhiIm{Nj)) = NjiWhin)) C Im(iVj). 
Then we obtain the filtration W of n(Ai'i, . . . , Nn)'' as follows: 

Wh{n{Ni,...,N„f) ~ WH{lm{Nj))0{C-ej). 

\J\=k, 
JCn 

We put X — A", Di = {zi = 0} and D = [J"^^Di. Let {E,dE,6,h) be a tame nilpotent harmonic 
bundle with trivial parabolic structure over X — D. We put V = *f |(a,o)- Then we have the nilpotent maps 
Ni :— Res-Di (D)|(A,o) for i = 1, . . . , n. 

Lemma 9.15 In this case, we have the following: 

WkiIm{Nj)) = Im(iVj) n Wk-2\j\- 

Proof Let take a point P G X — D, and then the filtration W^{n) gives a mixed twistor structure to the 
vector bundle S(0,P). Then Lemma 9.15 is a consequence of Lemma 2.20. I 
We have the induced filtration on the cohomology group _ff*(n(A^i, . . . , Nn)). 

Theorem 9.6 Assume that [E,dE,0,h) has a real structure. Then the purity theorem holds for the tuple 
iy, Ni, . . . , N„). Namely we have the following: 

H^iUiN,, . . . , iV„)) = WkiH^iUiNr, Ar„))). 

In other words, the following morphism is surjective. 

Wk{n{Ni,. . ...N^))" n Ker(d) //'=(n(iVi, . . . , N„)). 

Proof Let Gr. (n(A'^i , . . . , Nn)) denote the associated graded complex of the filtered complex n(A'^i, . . . , Nn)- 
Then we obtain the following natural isomorphism: 

J| — a, \.J\—a, 



Lemma 9.16 To show Theorem |9.6| , we only have to show the following: 

H''{Grk{Tl{Ni,...,Nn))) = 0, if a < k. 

Proof It is shown by an elementary homological algebraic argument. I 
We put Vli°°^ = Gr^'--\ and V^^^ = V;!°°'. The morphism N, induces iVf^' : Vl^°°^ V^^^ for 
any h. We denote the direct sum 0^ ^j^'^'' by Nj^°°^ . Then we obtain the commuting tuple (A*'}""' , . . . , Nn°°^ ) ■ 
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Let consider a limiting RVHS (F, , of (E,e h) obtained in the subsubsection |9.2.l| . Let 
denote the deformed holomorphic bundle. Due to Lemma and the fact that v^°°^ gives a frame of 
the tuple (V^°°\n[°°\. . . is isomorphic to the following tuple: 

r^(°°)|(,,o), Resi,, (D(°°))|(,,o), . . . Resi,„(D(°°))|(,,o), ). 
For a RVHS, the purity theorem holds, due to the result of Cattani-Kaplan-Schmid Q or Kashiwara-Kawai 

H- 

Note that the complex n(A'^{°°'', . . . , Ni°°'') is graded. The grading is induced by the grading of 
Namely we have the following decomposition: 



h \J\—a,J(^rL_ 

It is easy to see that the differential preserves the grading. Thus we obtain the following complex: 

n 

|J|— a,JCn j — 1 

Since the decomposition of 1/^°°' gives the splitting of the filtration of v''°°\ the decomposition (^) gives 
the splitting of the filtration of n(Afi*°°\ . . . , Namely we have the following: 



Then the claim of the purity theorem for the tuple ("1/'°°' , N^'^'' , • ■ • , Nn°°^) implies the following vanishing: 

^a(n(iV(°°),...,iV(°°>)fc) =0, ifa<fc. (64) 
By our construction, we have the following: 

I J \—a,J Gn 

Namely we have the isomorphism of the complexes: 

Grfc(n(iVi, . . . , iV„)) ~ n(iV}°°', . . . , iV^°°^)fc. (65) 



Due to (|64f), (B5f) and Lemma 3.16, we obtain Theorem B.H. I 



Remark 9.2 We should remark the relations between the weight filtration W of n(A'^i, . . . , Nn) considered 
here, W'^''" given by Cattani-Kaplan-Schmid, and W^^ given by Kashiwara-Kawai. The weight filtration 

y^cks (J(ij;lci^{_J(ciplg^fi_g(.jijjiifl ig follows: 

w^f '(n(iVi, . . . , iv„)") = Wa+h{HNi, N^r). 

The weight filtration W^^ of n(iVi, . . . , iV„)" for the RVHS of weight w is given as follows: 

wl:\ii{Nu ...,N„Y) = w^h_„(n(iVi, ...,Nr,T). 

The results can be stated as WS''"H'' = WttmH'' = WhH'' = H'' . I 

Remark 9.3 We should remark that we do not obtain another proof of the purity theorem for RVHS. We 
just reduced the purity theorem for tame nilpotent harmonic bundles with trivial parabolic structure to the 
purity theorem for RVHS. I 
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10 Appendix 



We recall the definition of complex variation of polarized Hodge structure (CVHS), and the relation of CVHS 
with a harmonic bundle. We also recall the real variation of polarized Hodge structure (RVHS). 

Let X be a complex manifold. Recall the definition of complex variation of polarized Hodge structures 
(See section 8 of |^], for example). 

Definition 10.1 Let V be a C°° -vector bundle over X with a decomposition V = 0^^^^^ V'''' . Let be 
a flat connection of V , and {■,■) he a sesqui-linear form on V. The tuple {®pj^ij-^V^''',V>^,{-,-)^ is called 
a complex variation of Hodge structure of weight w, if the following conditions are satisfied: 

• We have the following implication: 

jji (c°°{x, v-")^ c c°° (^x, v^+i-'-i (8) s^'^'i) e (^x, V'" ® fi^^^'j 

e c°° (x, V'" (8) n''") e (x, v^-i-^+i ® t^'^") (66) 

• and are orthogonal if{p,q) and {p',q') are different. 

• We denote the restriction o/(-,-) by (■,■)(?,<?)• Then {■, ■} (p,q) is positive definite onV''''. 

A complex variation of Hodge structure is called CVHS in this paper, for simplicity. I 
Let (^0p+q=„ ^'',0^ (•, be a CVHS on X. We obtain the metric h given as follows: 

(^^r'(-,-)(p,.). 

p+g — 

We have the decomposition of corresponding to the decomposition V Q,^ — ^ V^''' (8) (OP'^ © Jl^'''): 

=9'' +dv + dv + 0. 

The following proposition can be shown by a direct calculation. 

Proposition 10.1 A tuple {V,dv,d,h) is a harmonic bundle. The {l,0)-part of the unitary metric associ- 
ated with dv and h is given by dv, and the adjoint of 9 is 9^ . I 

On the other hand, we obtain a CVHS from a harmonic bundle with a nice grading. Let consider the 
harmonic bundle {E,dE,9,h), with a holomorphic decomposition E = 0j Ei. Assume that the following: 

• 9{Ei) C ® !^''°. 

• li I I' , then Ei and Eii are orthogonal with respect to the metric h. 

Let w be an integer. For example, we can put V^'"^ = Ep for a pair (p, g) such that p -\- q = w. We have the 
flat connection D of C°°-bundle V = V^''^ = E. By reversing the construction above, we obtain the flat 
sesqui linear form (■, •) on V. Then the tuple ^0 V^''',B^ , (•, ■)^ gives a CVHS. We do not have to care a 

choice of the weight w and the way of superscripts (p, q). 

Let consider the harmonic bundle {E,dE,9,h), with a holomorphic decomposition E = 0^ Ei. Assume 
that the following: 

• 9{Ei) C Ei^2(E)n^-°. 

• li I I' , then Ei and Eii are orthogonal with respect to the metric h. 

In this case, we can put, for example, as follows: For a pair (p, q) G such that p + g = 0, we put 
K'" = Ep.q. For a pair {p,q) G such that p + g = 1, we put "l/f = Ep.q. We put Vq = 0p+,=o 
and Vi = 0p_,_g^]^ y''. Then E is decomposed into Vb © V'l. We have the induced structures of harmonic 
bundles on Vo and Vi . They are complex variations of polarized Hodge structures weight and 1 respectively. 

Definition 10.2 iet (^0^+^^^ l^'''", ]D)\ (■, ■)) beaCVHSonX. A real structure i of (^^^^^^^V'" ,I]>\ {■, ■)'^ 
is an anti-linear C°° -isomorphism V — > V satisfying the next conditions: 

• = idv and iiV-") = V'". 

• i preserves the metric , ^^,(— \/~l)^~''{'i ■) • 
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• t is flat with respect to D. Equivalently, i replaces {dv,0^) and (dv,0)- 
Such a tuple ^©p+^^y, V'',D^, (•, is called a real variation of polarized Hodge structures. For simplic- 
ity, it is called RVHS in this paper. I 
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